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Sl. INTRODUCTION

These four lectures will deve10p some ideas involving the geOmetry of grOups, tilings

(primarily of the plaFle),nttte state automattt arld dynattcal systems.They tte grouped
into three related subjects which are tied together by coHllnon themes,but are s遍ciently

independent that it should be possible to understand them independently.

The subject of the flrst lecture is a cOnnection between tilings of the pl[me and the

geometry of grOups discovered by Conway a number of ycars ago〕but Only recently becn

discussed in phnt(tTh01,tCOnWay Lagariasl).It develops a necessary condition for a
region in the plane to be tiled by a given collectiOn of tiles,in teェェェェs Of COmbinatorial group

theory.

Thc second lecture also concerns tilings,but frOm a difFerent point of viewi the subject is

the theory of self―silnilar tilings Of the plane and Of other Euclidean spaces. Many examples

and constructions will be discussed, The lnain result is a characteAzation of the complゃx

expansion constttlts for selfsirnilar tilings,This subject is c10sely related to the theOry of

Mttkov partitions for dynamcal systems atrld flnite state automata. In a certain sense it

may be thought of as a cOmplexincation ofthe PerrOn―Frobenius theorerll and its tconverse'

of D.Lind.

Word processing on groups,or the theOry of automatic groups,is the subject of the last

two lectures.This theory has bee↑ deVe10ped over the last few yetts pttmarily in joint

work of Jim Cannon,David Epstさ in,Derek HOlt,Mike Paterson,and me(lCEHPTl).

An automatic grOups adlmts an algorithm of a rather sirnple type which will tell when

two words in generators for the group represent the sme element Of the group(ど ・C・,an
angodthm for the wOrd problem ofthe grOup.)MoreOVer,the ttgottthm is sO special and sO

simplc that questions about the angorithrll can be algOrithn主cally handledi in particular,
there is an algorithm which,given a presentation for an automatic grOup,、アill construct
anそ述go五thna as above fOr the wOrd prOblem.

Automatic groups are ciosely tied tO the thcOry of anite state automata, and the in―

vestigation of them is partly mOtivated by the successful applicatiOns lvhich anite state

automata have found tO practical and theoretical problems in computer science,combined

with the need tO be able to handle algOdthn■ically actual flnitely―presented inanite grOups
( i n  p a品

Cu l a r , f u n d a m e n t t t  g r O u p s  o f  3 - m a r x F o l d s , ) M a n y  W O r d―
pr o c e s s o r s一 fO r  e x t t n Pい

the unix utilities grep〕egrep〕sed, vi, ctc. ―一 cOnstrtlct a flnite―state automatolt wixP●

you ask it tO search for a certtttn pattern, and mmy compllers directly use the thcr)r}
。f nnite state automata at early stages Of thdr tasks(lexical and syntactical antty主 6)
Besides theoretically analyzing the issues invOlved in autOmatic groups,wc have beerl de―

veloping computer progr― s tO carry Out`word―processing on groups'. Automatic groups



are more general than hyperb01ic grOups in the sensc of Gromov. At least most of the

sma11-cancellation groups arc automatic.

An、automatic structllre for a group in general produces a kind Of seif―sinilar tiling of a

certaan tsphere at ininity'for the group;in particular examples,this space is actually a

2-sphere.

These notes are preliminary.Although some PortiOns have becn lwritten carefuny and in

fttr detadl,there are other portiOns are sketchy and hastily written,and some toPiCS have

been left out altogether.

The next portion of this text,concerning COnway's tihng grOups(S2-S7)is sub―
stantianly a reprint from an tttrticle to appear in the Janua甲「1990 iSSuc of the Attcr,can

財atれcttαせすcar〃θれせんどy,tThOl・ThiS Will be a special issuc on gcometry.

S2.CoNWAY'S TILING GROUPS

The problem of deciding whether a given flnite set Of tiles 、 A/11l tile the plane is an

undecidable question― 一 that is, there is nO general well―denned procedure Rwhich will

answer the question.The same question for a nnite rゃgiOn in the plane,when appropriately
formulated,is decidable,but it is nOt easy: it isヽ 貯hat computer scientists call an NP―

cOmplete question. In practice,it is Often hard to do.

John Conway discovered a techniquc using ininite,initely presented groups that in a

number of interesting cases resolves the qutstion of whether a region in the plane can bc

tessellated by given tiles.The idca is that the tiles can be interpreted as describing relators

in a group,in such a way that the plane region can be tiled,9nly if the group element

which describes the boundattr of the regiOn is the trivial element l.

Of course,the word problem for a initely― presented group(the problem Of deciding
whether or not two given words represent identical elements in the group)is anSO an

undccidable question. The ability tO answer the tiling qucstions depends in part on the

ability to understand particular grOup presentations.….

s3. GROUP CRAPHS

A convenient way to describe the cOnstruction is by lneans of the CayrcyすTαPんOr gTaPん

Of a group.If C is a group,then its graph「 (C)With respect to generators。 1,92・…,gn is

a directed graph whose vertices tt「 e the elements of the group.FOr each vertex υ ∈F(C),

there will beれoutgoing edges,labeled by the generators,and n incormng edgesi the edge

labeled gf connects υ to υgf,

As a flrst exaコaple,the graph of Z2 with respect to standard generatOrs(α,yl密y。
~ly~1)

is the standard g占 d in the plarle(as in graph paper)。

The graph of a group is arl answer to the question,`what dOes a group look like?'which

generally is carefutty avoided in introductory courses, Note however that the graph Gf ti

group depends on the choice of generators,and the appearance can change cOnsideli)1,4y
with a change of generatorsi the group graph te■s what a grOup lwith a little cxtra structtre

looks like.

It is convenient to make a slight lnodincation of this Picture when a generator 9f llas

order 2. In that case,instead of drawing an arrow froHl υ to υgt and another arow from
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υgi back to υ,we dra鴻″a single undirected edge labeled gf. Thus,in a drav/ing ofthe graph

Of a grotlp〕if there are undirected edges〕it is understood that the cOrresponding generator

has order 2.

The graph of a group is automatically hOmOgeneousi for every element g c こ ち the
transformation υ → gυ is an automorphisim Of the graph. Every automorphism Of the

labeled graph has this form. This prOperty charactedzes gTaphs of groupsi a graph whose

edges are labeled by a inite set ir such that there is exactly one incOIIling and Onc outgoing

edge with each label at each vertex is the graph of a group if and Only if it adH古ts an

automorPhism taking any vertex to any other.

Whenever tt is a relator for the group,that is,a word in the generators which represents

l, then if you start from υ c P and trace Out 兄 , you get back to υ again. If C has

presentati?n
C=(gl,g2,・…,g.1兄1=1,況2=1,…・,況た=1)    (f

the graph r(c)extends to a 2-complex「2(c):seWたdisks at each vertex υ c F(め,one
for each relator jRf,so that its boundary traces out the word rif. An exception is made

here for relations of the formギ =1,since this relation is already incorporated by drawing

gf as tt undirected edge.The 2-complex「
2(c)is Simply― connectedi that is,every loOp

in「2(c)can be contracted to a point. In fact,if the loop is an edge path,the sequence

of edges it f01lo、アs descttbes a word in the generators, The fact that the path retuとェェs to

its starting point lneans that the word represents the identity. A proof that this word

represents the identity by lnaking substitutions using the relations」R.can be transiated

geometdcally into a homotopy of the path in「
2(c).

As a very silnple example,the sy_etric grOup S3 iS generated by the transpositions

α=(12)and b=(23).They Satisfy the relation(ab)3=1.The graph is a hexagon,with

undirected edges,alternately labeled a and b.

一

Figure 3.1。 Soccerball.  A30CCerbarr 13 Cθ,3truCtc芝ヵθ砲ゴ2 Pcn↓αβθれ3, θbサaす砲β〃
by Tθtatれg an冴3れrすれたすng せんc ttacC3 θメa rcgttrar】θ】ccaれcどTθ n, とθgctんcT弘だせん 2θれcttapθ「め
centereどatせれc υcrゼiccJ o/サんc 】θ】CCaれcttrθ角.

A shghtly more complicated example is S4・ It iS generated by threc elements a=(12),

b = ( 2 3 ) ,劉 nd C = ( 3 4 )。A p r e s e n t a t i o n  i s

S 4 = ( a , b , C l a 2 = b 2 = c 2 _ 1 , (α b)3 = ( b c ) 3〒 (aC ) 2 _ 1 ) .
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To construct its graph, flrst maよe sOme cOpies of the αb hexagOn fOr the S3 Subgroup

generated by a and b, and silnilarly make sOme cOpics of bc hexagons. The subgroup

generated by a and c is Z2× Z2,and its graph is a squがe・with edges iabeled江iternately

α and c. Make copies also of αc―squares, Take one cOpy of each pOlygOn, and nt them

together around a vertex,glung an a edge tO an a edge, ctc. Around the perilneter Of

this igure,keep gll担ng on a copy of the polygon that fltso lf you do this systematically,

layer by layer,you will have constructed a polyhedron――it is a truncated octalledron. All

the edges froIII the underlying octahedron are labeled b,lwhile the squares produced by

truncating the vertices are labeled acαc.

The readcr may enjoy working out the graph of the alternating group】t5, uSing genh

PratOrs a=(12)(34),and b=(12345)。Note that they satisfy the relatiOns b5=l and

tab予=(135)3=1.Try kicking arOund the construction,with white ababab hexagOns and
black bbbbb pentagons.

Of course,graphs Of groups don't always ttwork out sO niccly or so casily,but often,for

sirnple presentations,they can be worked out, and they tend to have a nice geometric

navor.

S4.LozENGES'

We will begin with a relatively easy tiling probicm. Suppose we have a plane ruled

intO cquilateran triangles,and a certadn region jR bounded by a polygon 7「WhOSe edges are

edges of the equilateran triangle netwOrk.When can jtt be tiled by ngllres,let us call them

lozenges,formed from twO attaCent equilateral triangles?

Figure 4.1. メ【region

υど3す0れ?メせんc Pranc,tf!cど

Version l.5

tiled by lozenges. ムPθT↓lθれθメaれ

by rθzcnge3,

c?也jraせerar tTiaれg“!αT 3切b芝j‐
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To analyze this problern, we flrst establish a labeling convention. We arrange the tri―

angulation of the plane so that one set of edges is paranlel to the何―弱くis,or at O°. Label

these directed edges a,label b the directed edges pointing at 120°,and c the edges pointing

at 240°. This labeling is homogeneous,so it is the graph of a group A. ヽ アヽe can read ofF

relators for“A by tracing out the boundary curves of triangies: A satislles abc= l and

cbα:=1. If desired,the nrst relation could be used to elimnate c;the second relation then

says that ba:=α b.The grouP A is Z tt Z,as we could have seen anyway by its action on

the plane.

The shape of the polygon T is determned by the sequence of edges it traces Outi this is

a word in the generators a,b,c of A. Rather than thinking of it as a word,we prefer tO

t h i n k  o f i t  a s  a n  e l e m e n t  α(T) i n  t h e  f r e e  g r o u p  F  w i t h  g e n e r a t o r s  a , b , c . T h e  f a c t  t h a t  T
closes up is cquivalent to the condition that the homomorphism F→ A send α (T)tO the
identity.  ‐

If a lozenge is plを距ed in the triangular network, its boundary can be traced by one

of threc elements,depending on its orientationi that elemerlt is cither五 1 = aba~lb~1,

五2==bCb~lc~1,。 r五 3=CaC~lα
~1。

 The precise word depends on the starting Point On thc

boundary of the lozenge,but starting froHl a difFerent vertex only changes the word by a

circdar permuationi the two choices give conjugate elements Of F,The rθ ″cれ`夕Cョ TθttP L iS

deaned by these relators,that is

五=(a,b,C十五1=五 2=あ 3=1)・

Actually, the three relatiOns say that the three generators commute、vith(3aCh Other〕so

that五=Z3.

We clttm that if the region tt can be tiled by lozenges,then the image r(T)。fα(T)in
あ ml■st be trivial. In fact,suppose that we have such a tiling.If Ftt consists of a single

tile〕the clを迪m iSi― lediate. C)therwise,IInd a silnple arc in」R which cuts rtinto two tiled

subregions Rl ind兄2・By inductiO五,we may assume that r(Tl)and r(T2)are bOth trivial,
where Tt is a polygonal curve tracing arOund∂ 妃 :.But r(T)=r(打 1)*r(T2),SO r(T)is

also trivial.                         ゥ

There is a very direct geomet宜c interpretationi thinkゅfthe graph「 (工)aS the l―skeleton

of a cubical tesselation of space,0占ented so that cubes are on their corners:Inore precisely,

l  so that the two endpoints Of atrly path labeled abc are On the same vertical line. The 2-
complex r2(五 )is the union of the faces Of the cubes.A lozenge in the pltte is the

l鱗盤磁鑑翻静縄鵠盛 盤 盤開
may or may not come back to the starting point in「(あ).The inva五ant r(T)∈ 五 is tile
ending vertex. This invanant of necessity lies in the kerne1 0f the map五 一→A, which is
isomOrphic to Z: it can be described silnply as the nct rise in height.

Iftt can be ttled by bzenges,the tthng itsdf can be hfted,は L by tile,intO r2(五 ),that is,
into the 2-skeleton of the cubical tesselation. This gives ttother prOOf that the invariant

r(T)must be l if tt ctt be tiled.In fact,if you look at a tiling by lozenges,you can

imagine it so that it springs out at yOu in a thrce…dimensional picture.
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Figure 4.2. Three‐dilnensional interpretation of 10zenge tiling. jtt α Tcgすθれ
bcサtrctt by rθ″cれすcs,tれeれをれc rθ″c,すc PaサtCrれr"3サθサれc2‐3たCrCサθれげa cttb'Car tfrれす
θrtcntc冴あagθれarry tθせんc Pra,c。/せんc rθ″cれ♂c3. !

況 caれ

げR3,

Figure 4.3. Nontileable region.  ダ 耽c regfθれすれ をれc Pranc c,crθ3Ctt by tんc Pθ!ダダθれar

c u rυ c cαれ,oサ bCサ fr e a  b y  rθ ″cれgc 3 , 3 1れ CC切 れcれ ど↓ 131津 C】 tθ せんc c u b↓ c, cサ 切 θTれ すtカ ガ !3  tθ

Crθ3C.

Algebraically,given the word representing 7r,the net rise in height is silnply the suttl of

the cxponents. The conditiOn is that 7T heads at a bcaring Of O° ,120° or 240° the same

length of time it heads at a bearing of 60°,180° or 300°.

This condition can be seen in an alternativc way using a coloぶng argument.The triangic]

in the planc have an ttiternating co10ring,with abc triangles co10red white and cbα triallgics

cO10red black.Each iozenge covers one triangle of each cOlor一一therefOre,if tt can l)c tilせd,
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Figure 4.4. Potentially tileable regiono  Pれ c bθ“■冴ary c化 賀た ?メ |ん13 Trvどθ紀 rザセ3サθ a

c!θscど curυ e,3θ  ft 7れCCt3セ れCす Tθ“P_tれcθTeとすc tfrれす cθれどすttθれ. プ4■ actuarサ frすれす化だrr bc 3れθ切花

:れ び.ゴ, お「どすれ rθ″cttgCせ frfttg.

the number of white triangles must equal the number of black trianglei).rrhe difFerence in

fact can be shOwn tO be the net risein height Of α,8崎Ineぉured in rnぶn diagOnals Of cubes.
The co10五 ng cOnsideratiOn reauy gives a more elementary dettvatiOn thて ェtr(T).nuSt Vanish
for a tiling tO be possible. However,this md related co10ring[rgument,s in general cannot

give as much infoェ ェェェation as r(T).one way tO think ofit is that c010dng arguments are

the abelian part ofthe grOup theory.Ifthe group is abelian as in the present case,or rnore

generally if the subgroup consisting ofinwtttants r(γ)for Crθ3αtt paths is abelian,then that

infottation is s胡 cient.

The angebrttc cOndition that r(T)=l is not suttcient to guarantee a tiling,by 10zenges.

Therc are curves T which go around nearly a full circle,with the lift in「
(jう)riSing con―

siderably,and then instead of c10sing,they circle arOund another 100p which brings them

down tO the starting height. If rこcOuld be tiled by lozenges,it could be divided intO twO

regions by a fairly shOrt path a10ng edges Of 10zenges; but the rise in height for One side

would be fbrced to be still positive,which wOuld be a cOntradictiOn. IVe Rwill return later

to give a necessary and s韻 cient cOIlditiOn fOr a tiling by lozenges,along with a fOrmula

for a tiling if such exists.

s5. TRIBONE TILINGS

Here is another exttple,fOr which Other methOds seem inadequatc. I nrst hcard this

problem in an electronic mttl inquiry from Cari W.Lee(ms.uky・ edu!lec)in Kentucky.

Last selmester,a number Of us here becttme interested in a cOmbinatOrial

problem that was mtting the rounds. I'm sure you江 iready have heard Of
it, and we heard a rttOr that」 Ohn COnway had sOlved it. It cOncerned a

triangular a「ay of dots. The prOblem was tO pack in as many segments as
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pOssiblc,wherc each segment covered threc adjacent dots in Onc Of the threc
directions, and no いwO segments were aniowed to tOuch.Is there any size

、、 conflguratiOn that admits a packing such that each dOt is covered? Do you

knOw anything abOut the status of this prOblem? Thanks in advance.

I hadn't hettd Ofit,but l asked COnway abOutit. ヽヽ/e sat dO、ァn tOgether,and he、アorked
out.

Figure 5.■ . IIiangle Of hex4gons.

σαれせん,3 bc tfrc】byサrfbθ,cs P

ム をTtαれgurar arTay?メれcttaすθれ3, Cむれをθれ α3tdC,

This question can be alternately formulated in teェ ェ上S Of a triangular array Of hexagOns.

The problem is to show that one cannot tesselate the regiOn using tiles made Of three

hexagons hoOked linearly together. MOre generally,One can ask fOr the minilnum number

of holcs left in an attempt to tile the region by these tiles.

If the region has side lengthれ ,then the number of hexagOns is角 (角+1)/2.A flrst,
necessary condition is that tt Orれ ‐十ユis divisible by 3,that is,免 is cOngruent to O or 2

mod 3. Note that ifit is ever possible tO sOlve the problem whenれ is cOngrucnt to 2 111od

3,one can extend the solutiOn by adding a row of tiles a10ng one side,tO derive a sOlution

f O r免+1.

Label each side in the hexagonal gぶd with an a,b,Or c,according to the directiOn Of thc

edge:a r it is parttlel to the a axis,b if the angle ttom the α―拡 is tO the edge(meaSurtd

counterclockwise)is 60°,and c if this angle is 120°.Thus,the sides Of every hexagon ale

labeled abcabc.

This iabeling gives the l―skeletOn Of the grid the structure of a grOup graph,where the

group ls

A = ( a , b , C lα2=b 2 = c 2 = ( a b C ) 2 = 1 ) .

VersiOn l.5 July 20,1989



The grOup is a grOup OfisOmetries of the plane〕
generated by 180° rev01utiOns about the

centers of the edgesiit alsO cOntalns the 180°rev01utiOns abOut the centers of the hexagons.
The grOupム is sOmetimes called the(2,2,292)―

group・
A path 7r in the l,skeletOn Of the hexagOnan gdd now is determned by a wOrd in the

generators Of Ao We prefer tO think of this in a slightly difFerent way: T deterrmnes an
element a(T)in the free product F=z2■ Z2■Z2・We are particularly interested in c10sed
paths, that is,elements Of the kerne1 0f j「→ A. lunfOrtunately,this kernel is inanitely
generated: it is a free grOup whOse generatOrs are given by arbitrary paths P】

,fOl10wed bya circuit arOund One Of the threc hexagons at the endPOint Of Pl,f0110wed btt the p「1.
The standard tile, let us call it a サrfbθれc, can be laid in the plane in lhree difFerent

orientatiOns.Circuits around the tribOnes in these three OdentatiOns trace Otit the elements

r、こ=(ab)3c(ab)3c

ri= (bc)3α(bc)3α

孔 =(ca)3b(ca)3b.

↓;舌li岳ず
｀
t腎畳g挙li督:景暑:,岳苫[Ftfgi:告暑運

l究
暑)S::と津予lri岳ゴ号ダ88ng七18[lded by7r Can be

Figure 5.2. inribones irl three OrieFltatiOns.

/OT aをrfbθれc,lin aれarray orれcaagθ免3,71iせんθ ttT
せんTccど電たTC・サ切ay3,

r = ( a ,

must be trivial.

The relatiOn ttL says that c

COEIjugate (ab)3 to its inverse

generates a nOェムIIal SubgrOup,

VersiOn l.5

PれcTc arc せれTcc Pθ33すbrr OT,caせaを,ο n3
rabcrすれg Cθれυc砲せど,■, せんcy αTc rabcrcどどれ

b,clα2=b2=c2=■ =挽 =孔 ‐1)

cOIIjugates(αb)3 to its inverse. Observe that a and b alsO
一in fact,this is already truc in F.In Other wOrds,(ab)3

and it commutcs with every word Of even length. similarly,

」uly 20, 1989
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F i g u r e  5。 3.  S e c o n d  h e x a g o n a l  g r o u p .   rれ c g r O竹 P a t t  a r 3θ んa3 a  p l a Pれ ど3θ何けθTPん どcと θ

tれc e】gc3 9メαれettagθれar ttrどれg。メせんc Pra,c.        ,

(bc)3 and(Ca)3 generate nomal subgrOups.TOgether,the three elements gencrate a no―al

abelian subgroup J of T.

To form a picture of T,let us arst i。。k at the quotient grOup島 = T/J =
(a,b,Clα

2=b2=c2=(ab)3=(bc)3=(cα
)3=1).The graph of tt ctt readily be con―

structedi take an ininite collection of three types Of hexagOns,with their edges iabeled

by the relations(91,C2and〈 93・ TheSe glue tOgether to forlrrl a hexagonal pattern in the

plane,where cach vertex has one c edge,one b edge,and one c edge incident to it. The

group tt acts fttithfully as a group of isometries of the plをme,generated by renections in

the edges of this hexagonan tiling: it is a triangle group. It is curious that even though the

groups A and tt and the labeled graphs「(A)and F(島)密e dfFerent,when the labels are

stripped they become isottorphic.

If the region tt can be tiled by tribOnes,then α(十)must map to the trivial element of
T,so it maps to the trivial element of γb.In our case,the region is a triangular aray of
hexagons,and its boundary can be ttten as α (T)=(ab)・ (Ca)・(bC)几・  ‐

Obviously,ifれ is a multiple Of 3,the image r(打)/J in tt is trivial.In the Other case,
that n is 2 more than a multiple of 3,it is also trivial. This is casily seen by tracing out

the curve in our array of hexagons,or by noticing that One can add additiOnal tribones

along onc edge to form a triangular region with side lengthれ―+1,Which is a lnultiple of 3.

Since wc have pushed T only across tribones,r(T)is the Same for the twO cases.

Since tt was nOt Sttcient to detect the nontriviality of r(T),we need to nnish our

job,and build a picture of tr. First,loOk at the path in the graph of TЪ deterrmned by
the eleIIlent乳 .Start at a vertexホ where the circuit Cl=ababab goes cOunterclocttwisc

around a hexagon. Then■ goes counterclockwise around this hexagon,then a10ng the c
edge,clockwise around theく 91 hexagOn thrOugh that vertex,and back a10ng the c edge to
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Figure 5.4. Alternate image of tribone.
3at'3'Ctt linせんc gTθttP3 T an冴れc,ce乳=P/ブ.
サθ T3れあc graPんo/tれc gTθttP島.「θサcれθ切すせ
a化】θttcc cθ竹角せCrcrθcた切,3C.

Jy cθれ3tTuctFθれ, せんc せT,bθれcrサrat'o.3 aTC

rんど3おせんc tttagcげθ■Cθメせんc tTjbθれc Tcra―
c れc l T c r e 3 サ切θ 九 五卜んc t t a g θれ3 , 0■ C C  C r θCん切, 3 C

Figure 5.5.Alternate image Of a trianglec rん c tTど αttrc切 。Tど
(ab)・ (Ca)混 (bC)n,メ

31ZC角 =3m θ rn=3向 +2秘 αP3を θ せんc tTれ far ercれ cれ サ f"島 .あ せんcあ αttTatt abθ υば「 i声

れ =3れ
,trace ttc ttθ T冴 3せαTサれ gaサ tれc ccれ サcr.汀 れ =3胸 +2,5taTせ bヵ θ砲 抗 cc御 】 cT,

close.In particular,the signed tota1 0f σ l_1lexagons enclosed(cOunted accOrding to degree
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of winding With counterclockwise circuits cOunted positively),iS O・

It is not hard to dcscribe now the full grOup r, ・ which is an extension of the form

ブ _z3→ 『 → 島 .IVe  c a n  i n t e r p r e t  t t  c l e m e n t  O f  r  t o  b e  a  v e r t e x  υ in  t h e  g r a p h

of ttЪ, tOgether with a path P from tt to υ, subject tO the cquivalence rclation that if留
is another path fromネ  to%then P― q if the signed totans of〈91,(92, and C】3 heXagons

are a11 0。(Of COurse,if we pick One path such as P frOmホ to υ,then other paths from*
to υ are deterIIllned by three arbitrary integers,which specif37 theSe signed totals,)WVith

this dcinition,the relations 71にre ObViously satisded,hence the grOup so constructed is

at least a quotient group of tr. ]But we have adready seen that the kernel J of the map

T→ 島 is abelian,and generated by《夕f. In the cOnstruction,this kernelis the free abelian

group on the t夕ば,so it lnust in fact give r.
Once wc know T,we can read r(7r)by inSpection.As we saw,it s胡 隅ces to consider the

caseれ =3た
;the in碇 回 観北 iS CFCttσ す,Which is obviously not l,so the tiling is impossible`//

One can ask whether this lnethod gives a lower bound On the number Of holes one is

forced to leave,in a partial tiling of jR by tribOnes, To study this question, we should

examine the subgroup r Of T generated by elements ofthe fOrm r(7),Where T is a path in

the graph of A going fromホto some point υ,circmnavigating a hexagOn,and retuming. In
other words,I is the kernel ofthe map r→A.Note that α(γ)has the form gαbcabcg~1,

where g is arbitra=y.In the group 7Ъ,abcabc acts as a transiation.The cottugates Of
abcabc in tt are translatiOns in three difFerent directions spaced at 120° arlgles, and the

subgroup they generate is isomorphic to Z2. Inスf,there are actually an innnite number

of difFerent cottugates of abcαbα if g acts as a transiation in島,then the commutator
gabcabcg~lcbacba is trivial in tl),but it lnight not be trivial in tri this path may enclose
an arbitrary number rn of hexagons Of type(伊1,and an equal number Oftype Cろ alld(グ3・

The subgroup F is therefore a nilpotent group,generated by s i:abcabc,t==bcabca,

and u=σ l σ2σ3,With presentation

r=(S,サ,ulぃ,材l=け,ul=1,い,司=u3).

It is casy to chcck that every element Of r is re述zed as r(T),fOr some simple ciosed curve

7r in the plane.

Even though the invanants associated with triangular regions take larger arld larger

valucs in r,this does not give any infoェムェェation limiting the number Of holesi for instance,

threc holes gfαbcabcg戸l Can yield uた
, for arbitranly high た。 In fact, it is possible to

tesselate the triangdar region of sizeれWith tribones except for l h01c,ifれ=1(3),by

placing the hole exactly in the Hliddle,and then aranging concentric triangular layers of
tribones around this holc. From these cxamples, tribone tilings with 3 holes are casily

constructed whenれ =0(3)or 2(3).It dOes give some infoェ ェェェation,hOwevert in the ctte

thatれ ≡2(3)orれ =0(3),the COttugacy Class changes(“inCreases")withれ,which implies
that the length of the minilnuHl ciosed ioop enclosing all the hOles has to go to ininity

with角 . In the case角  = 1(3), the COnJugacy class of r(7r)iS COnstant一
一

since the region

carl always be tiled with a single hexagon missing,r(T)iS COnjugate to abcabc.HOwevcr,
thc actual word changes lwithれ ,WhiCh implics that the IIlissing hOlご cannOt be tOO ciose

to the bound岬  「. Perhaps a careful ttalysis would shOw that if there is a single hole,it

must be exactly in the center of the triangle.
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s6, DoMINOES AND LOZENGES REVISITED

Conway's tiling groups are quite versatile, provided you can work out the group de―

teエエエムined by the tileso Even when(or perhaps especially when)the invariant r(7r)giveS

nO infoェェェェatiOn which could not have been easily obtained by other rneans,the geometric

Picture of the graph of the grOup can sometilnes be exPloited to give not just an angebraic
criterion,but a precise geometric criterion for the existence of a tiling.

When C is aはhng group(with presentatおnぶven by a set ofはles),We dettc a measure
of area in「2(c)to be the ttea detted by prOjection to the planet the area of a 2-cell is the

a r e a  o f  a  c o r r e s p o n d n g伍に。When  t h e  t t g e b r t t c  i n v a r i a n t  r ( T )ぉ1,t h e  c u r v e  T  b o u n d n g

兄 lit t s  t o  a  c i o s e d  t t  i n「(C) . W e  C a n  a s k , w h a t i s  t h e  m i n i m u m  a r e a  o f  a  s u r f a c e  S  i n  F 2 ( c )
with bounda崎 ′宗?This area is necessarily at least as great as the area of兄.If it is equal,

then the images ofthe 2-cells of S must be didoint,SO that they form a tiling of兄.There

are severan approaches which are sometilnes successful for cttctllating this lninimal area,
but there is one particular situation when there is a really deJtt■itive solution:when「 2(c)

can be enlarged,by adding 3-cells,tO make a contractible 3-Inanifold. In this situation,

there is a``max now min cut''principle which guarantees an efncient algorithrn for flnding

a  m i n l m a n  s u r f a c e .

Rather than going on with the general theory,we will illustrate this with two examples.

First we revisit the lozenge question.

If tt is a union of triangles in the plane,and if υ andり are vertices in iR,Possibly o早

the boundary,defhe』(υ,り)tO be the minirrlurltl length of a positively directed edge―path

in兄 (pOSSibly going on the bound叩)jOining υ toり,This“distance"function d is not

sy― etric,since we cannot silnply reverse an edge path. Any closed Positively directed

edge path has length a multiple of 3,so the』 (υ,切)iS defhed moddo 3 independent of

path, The three vertices of a triangle take the three distinct values lnodulo 3. If」R is

connccted,it is alwa・ys possible to flnd at least one positively directed path froHl υ toり ,

SOど (υ,り)iS Well_deined.    t

Consider the lifting of any tiling of tt by 10zenges to the cubicai network,「 2(五
).ThiS iS

determined by a height functionれ (υ)fOr the vertices υ. We can choose the vertital scale

so thatれ is integer-1に1lued,and cach edge Of a lifted 10zenge increases in height by li the

鴫まま!:1讐3岳:監
2il培描だ翻損置lt堵ばあ

etモ
母醤魯そti材)予

ギ!子
廷墾子を

'::〔
::irifi:

『lll子「it岳ャf丹卜1:岳‖fi手ξ“〕話「がFyCOnditionthatjRcanbetiledi foranytwoverticesυ
and

If 7r Satisflcs this■ccessary conditiOn, then there is a unique maxilnally high 10zenge

ん(3)=礎p口(υ,α)}・

tiling: deane

To produce the actual tiling, place a 10zenge so as to cover an edge where the hciふ 1lL

changes by 2. Since the three vertices of a triangle take distinct values mOdulo 3, :tスti

sinceれ increases by at lnost l along any edge,each triangle has exactly one edge whercん

changes by 2t therefOre,the collectiOn of iozenges is a tiling。
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r/,θ

Figure 6.1. 正 【igh lozenge tiling.

bθ竹れどa■y cuttC・

rんc “れlgれc3を'' rθzcttgC せfrど免g cθttPat'brc 化だけれ せんc

There is a simple angodthm for quickly computingれ ,and the tilingi rather than spell it
out,we will describe the analogous angorithm fOr dominoes.

A closed path T in a square g五 d can be desc宜 bed by an element a(T)Of the free group

F(″,v),WhiCh maps to the trivial element of the A=Z2.If the region tt bounded by T

can be nlled with dOminoes,then the image r(T)of a(T)in the dominO grOup

G=(",ylをV2=72密,y露2=32y〉

must be trivial.           (

What does the graph of C look like? We can construct a picture in R3, aS f01lows.

Fill the″y―plane with a black arld white checkerboard pattern. Above the black square

p,11×p,11,construct a right―handed hehx,jdning(0,0,0)by a hne segmentto(0,1,1),tO
(1,1,2),(0,1,3),(0,0,4),and SO Oni the r and y coordinates here marching forever around
the bouttdary of the square,while the″ cOOrdinate increases by l each move. Silnilarly,

(0,0,0)iS COnnected to(0,1,-1),CtCo COnstruct a sinilar helix above cach black square.
Label each edge α Or y,accorく五ng to to its image in the planeo Note that this creates left―

handcd helices above the white squares.The boundary of any dOmnO in the plane lifts to

a closed path in this graph wc have constructed. Since the graph has a silnply―transitive

group of isometrics,it is the graph of a grOup. Since it satisfles the domnO relations,it is
at least a quotient group of the dOmino group G.It is not hard(and strictly speて逮ing,it

is not logictty necessary)to Verify that tllis grapll is indeed the graph Of G.

The curve 7r lifts to a curve tt in thc graph of G. A cOnvenicnt way to denote this,ill

the plane,is to record the height of the lift next tO cach vertex Of T in the plane. Tllc rule

is silnple: one can start lwith O at some ttbitr倒鴫′vertex. Along any edge of 7r WhiCh has a

black square to its left,the heightincreases by l. Along any edge with a、vhite square to its
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Figure 6。2. The doH■ inO grOupe rttc

んcrtccs θυcr tんc3?竹arC3 θメa CんccたcTbθar冴,
すれとんc Praれc r旬宅5サθ せんど3 gTαPれ, 3をartすng at

ro竹TれctgんbθT,れgんcrfcc3.

graPん0/せんcどθれれθ grθttP J3

aれcTれαせすれすどれれa先芝c』れc33, ム

αれy Polれを. rんj3 すrrutttrat'θれ

a unすθれθ/3?竹arC
』θ″湧■θ αtty切んcTc

3んθ ttjせ切θ cθど!3げ

Figure 6.3. Dornlno tiling.

gTθttP,

ムttrling by p ttθttlinθcs,r"c芝せθせんc graPれげせんc tttθ砲れθ

left,the height decreases by l. A necessary conditiOn that」R can be fllled lwith dO王直nOes

is that thc height after traversing once around the cutte is O.

There is a criterion and cOnstruction fOr a dOrmno tiling,ana10gOus tO the construction

for iozenges. Here is how the formula can be workld out,on a sheet of grid paper. Begin,

as above,by labeling thc height Of each vertex of 7r. The heights cOnsist of the integers in

some intema,降,れl・We will cOnstruct a hdght funcはOn On di verhces Of兄,beぶnning
With角+1,and working upo Suppose,inductively,that we have nnished with all vertices
Of height icss than or equan toた。 For each vertex υ Of heightた,and fOr each edge c icading
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Figure 6.4. Donuno roo丘

tθ a 16 x 16 3即 aTCダ ど】・ rヽす。

ど。″研inθ grθ“P or a,y tfritt by

rれf315サれcサfrtれ♂
ls tれeサすrすれす切れすcれ

どθ7み:,OcJ。

切 れ,cれ れ caし θTれ れ秘 "c材 3,切 ん Cれ αPPr,c冴

れa3せんeれ,gんcst r均化すれすサθせんc graPれo/サれc

Figure 6.5。 ]DoH拭早o bubble.  rれおfrrttJサratiθれ3れθ切3 bθせんせんcんむんe3をαれ冴tれc rθttest
胡ling by″θれf"θeJげ a3せaれどα記あccたcrbθar】.rれcy are f30砲θTPんfC,″,」crれすοれry by a
90°Tθtattθ■or材距cれccたcrbθar】rt,tercんattling cθrθ「jジ.rんc uPPcTせfrれ。す33れθ切れlin tれc
竹PPCT Pranc as ttcrr a3サ れc ttPPer 3竹 rraCc o/tれ c bubbre,せ んc rθ ttcT↓ fr,.。 すれ とんc rθ ttcT Praれ c

aれ ど tれc rθ ttcr s“ TFaFC O/サ れC bttbbre,安 れc bubbrc tれ cy rOTtt cれ crθ3C3せ んer旬 牝 q/α れyせ frling

by】 o7】 れθc3,P03孟 brC tfring3 are Friた C'ぁ すP3Cれ liJzメ“れcttθ・31れ せんc3?“ αTC切 れれ 五fPscん itz

Cθ■3taれせ=,a3m ea3“TC冴れせれc舟√aれれαせせan ttctric.rれc rl砲fせ30rどθ″研inθせfriing3,riincガせθ
せんc graPれ 0/tれ C grθ“P, αjサれC grftt jす″c gθc3 tθ ″Cro, arc cttactry sucん 五IPscれ どせzれ れc,お 子Ⅲ.

from υ which has a black square on its left,consider the second endPoint l妙 of e. If the
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height Of tt has been previously denned)and ifit is not greater thanた―+l leave it as is. If
the height is denned and greatcr thanた。+1,then a dorrllnO tiling is impOssiblei give up.
O t h e r w i s e t t d e n n e  t h e  h e i g h t  O f  t t  t o  b eた+1.

If this procedure reaches a successful conclusiOn, cach edge of」配 has a difFerencc of

heights Ofits two endpoints of either 1 0r 3.(Note that the height mOdui0 4 is determned

by the pdntin the plane.)Erase ttl the edges whOse endpdnts have a dfFerencc of hdght

of 3. ヽヽ/hat is left is a picture Of a tiling by dOmnoes.

s 7 . T R I A N C L E S

~   Here is a related sequcnce of tiling prObleHls which are resistant tO direct attempts at

generttt solutiOn,but translate nicely intO the reattn Of group theory.
Consider, again, a triangular array of dots, with∬ dOts On each side. Is it possible

to subdivide this aray into dittoint triangular arays of dots with nf on each side? ヽヽ/c

suggest the reader indulge in experilnentation with a few cases,beforc reading further, For

exmple,the cases y=2 1withハ r ranging from 2 to 12 are interesting.

{

t

As in the case of the tribones,this transiates intO a tiling prObicrn: given a triangular

獅 ay of hexagons with」N「hexagons per side,can one tile it by tiles rM which are triangular

aHays of hexagons Aイ per side?We can cxpress this with notation as in the casc OftribOnes:
label the edges of the underlying hexagonal tiling by a's,b's,and c's. Given a path 7r in the

plalle,it is dcsc五bed by an element α(T)of F=(?,b,Cla2=b2=c2=1).If the region兄
bOunded by 7T Can be tiled by the copies Of ttu,then the image r(7r)Of α(7r)iS triVial in
the group

GM=(a〕 b,Cla2=b2=c2=1,サ M=1),

where tM represents the boundtty curve of the tile TM,

tM=(α b)M(Cα)M(bC)M・

A parallel呼 ― of hexagons with Aイ hexagons on one side and昨 +1 0n the otheF Can

be tiled by two copies of駒 。 ThiS implies that(α b)M COmmutes with(bC)財 +l and with

(Ca)M+1,狐 d soおrth.                      ウ

These relations imply that(ab)M COmmutes with(bc)拘《財+1),and they also imply that

(ab)M+l COmmutes with(bC)M(M+1)・ combining these twO facts,it follows that(ab)

commutes with(bc)y(財+1)・Geometttca■y,One canはle an財×ル気財 +1)paranelogram

縦熱 P進rqダ瞥溜還「盛舞見屯と良ど棋潜冨縫:ま&七ざ終路よりparttdograE
It will simplify the picture at this pointifwe pass to the subgroups FC and Ctt generated

by words of even length. Since all relatiOns have even length,the wOrdlength modul(、2

describes a homomorphisIIl of j「and Cttf to Z2,and these subgrOups have index 2. Tとェぞ

grouP」FC is the frec grOup on 2 generators,but a more syr―etric description is

F e = (″ ,y,″|″y″=1) ,
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where r=αb)y=bc,and″ =ca.A presentation for the group Ctt iS Obtained by
attOining relations coming fromせ財 to FC: it requires two relatiOns,one obtained by
transcribingせれィdirectly,and the other transcribing the cottugate of t舟ィby an element of
odd length. Usingせ舟ィ==l and bせ」yb==1,wc ob位担n

聯
M y M Z M =ヽ

をく M t t yく 的 zく
M刊 =⇒

Gtt haS an interesting anternate generating seti X=″財
,X′ ="~(M+1),together with

y,y′,z and Z′deined silnilarly,clearly generate, We have already seen thatゴて,y,and
Z commute withズ′,y'and z′.

The elements s=メM+1,せ=yM+1,and u=ZM+ユ commute with everything in G筋,
sO they generate a central subgroup J which is Z3。r a quotient.Let C筋=G筋 /J・We

will andyze the structllre of G筋,祖 d ttOm that constnlct C筋 .

In C筋,X,y,and Z saはsfy relatおns

i    ズ yZ=1,ズ M+1=y M + 1二 =z〃 +1=1.

These relatお ns desc五be the odentatお n―preserving口 И +1,M+1,7+1)td狙 ぷe group,

which acts as a discrete group of isometries on the Euclidean plane if A在:=2 and on the

hyperbOlic plane if Aイ>2. We have not checked that these generate arr the relatiOns on

X,y,and Z,but wei―ediately deduce that the subgroup r of Ctt generated byメ,y
and Z is a quotient of this triangle group.But there is a homomorphismメof the original
g r o u p  C M  t o  t h e  f u l l  t r i a n g l e  g r O u p ( i n c l u d i n g  r e n e c t i o n s ) , d e f h e d  b y  s e n d i n g  a , b , a n d  c t o
r e n e c t i o n s  i n  t h e  s i d e s  O f  a  T /口 И + 1 ) , T /口 И + 1 ) , T /口 豚 + 1 ) t r i a n g l e . T h e  r e l a t i o nサ M = 1

i s  s a t i s n e d , s i n c e  i h  t h i s  g r o u p (α b ) M = b a  S O  t h a t (α b ) M ( C a ) M ( b C ) y = ( b a ) ( a c ) ( C b ) = 1・

Note that r Sends x to ba,y tO ac and Z to cb,that is,to the standard generators of
the口И+1,M+1,M+1)triangle group,and it sends s,せ arld u to O.Thёrefore,Ir is
isomorphic to the odentable口И+1,y+1,財 +1)tdangle group.
A siHlilar analysis shows that the subgroup ttr generated byあ『′, y′ and Z′ is the

oHentable(れf,コ〆,Jttr)triangle grOup.ThおgrOup acts on the sphere,the Euclidean plane,
or the hyperbolic Plane whenゴF=2,地 f=3,or ttf≧ 4.The ana10gous hom01morphism

r maps cM to the full(M,M,M)triangle grOup,mapping α,b,and c tO the standard
generators.
The two subgrOups「and r′intersect trivially(aS SCen from the efFects ofメandメ′

),
they generate C筋,and they commute with each other.Therefore,Gtt iS the product
r× 二r′。f the two triangle groups.

Now we nced to determine the kemel y ofthe qllohent a筋 → G筋 ,and the structure
of the central extension. As in the tribone case,we can do this geomet五cally,in teェェェAS Of

areas enciosed by curves.The graph r ofthe full口И+1,M+1,M+1)thangle group is
formed from copies of threc kinds of 2仰豚+1)―gonS,With perimeters labeled(ab)M,(Ca)M
and(bC)舟イ,witht one of eacl kind meeting at each vertex. Arrange the orientation so that l
is an``even'vertex that is,the a,あ,and c edges ema′nating from l are in countercl(〕ck、アise

order.Then the relation t舟ィbtted at υ encloses positively one cOpy of each type of polygon,

while the cottugate bサ舟ィb encloses negatively onc copy of each type Of polygon.

〓Ｚｙ密ＺΨα

／

／

ヽ

ヽ
〓Ｃ

Ｍ
Ｃ
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Si航1笹ly,the graph「r of the fun(財,7,M)tttantte group is made ttOm threc hnds Of
2A/―gons. Starting at the l,which HⅣe suppose is an even vertex,the relatiOn tれr enciOSes
positivelysone copy of each tyPc Of polygOn,while bサ舟ィb enc10ses negatively One cOpy of
each. However,in the case n√:=2,there the entire graph is flnite: it is the l_skeletOn Of a

cube,and the number of polygons enclosed by a curve is well_deined Only mOdu10 2.

First letもdett with the case〃>2.We can dettc an cxtenSon rf of ctt as an
equivalence relation On elements Of Fe,益f。1lowso An clement g of FC de,errlllnes paths
P(g)in r and P′ (g)in「

′.We dettc g to be cquivalent toん if P(0)ends at the same point
as P(ん),P′(g)PndS at the same point as P′(ん),and if the c10sed iOOp P(g)P~1(ん)enciOSes
the sttne numbers of ab―polygOns,bc―POlygons,and cα―polygons as P′(g)P′

~1(ん
).

In particular,an element of the kernel of the lnap of】f to「 ×r′maps to c10sed loops
in both pictures,and is determned by the triple Of difFerences of the number Of POlygons

enclosed.The cicments s,t md u mapto(1,0,0),(0,1,0),and(0,0,1)・It f0110ws that

て =C筋 ,and J=Z3(prOVided〃 >2.)

The boundary of the size Ar triangic rN can be deschbed by the ゃ lerrlent せ戸 =

( a b ) N ( C a ) N ( b C ) N・ T h e  p a t h  P (怖 ) i n「 C 1 0 S e s  O n l y  w h e n  F  i s  0  0 r - l  m o d〃 + 1 , w h i l e

t h e  p a t hダ ( tド) C 1 0 S e s  o n l y  w h e n  Nお O  O r - l  m o d財 .酎 n c e  M  a n d〃 + l  a r e  r e l a h v eけ

p五m e , t h e r e  a r e  f o u r  s o l uはO n s  m O d d Oれ 気M + 1 ) : 0 ,〃 , M 2 _ 1 , _ 1 . F o r  v t t u c s  o f  N

saはsfying one of these cOngrucnce condtおn,the invariant in Ctt iS O,SO the invahant為
in J;it is a positive multiPle Of(1,1,1)in ani but the trivial case N=M.

THEOREM(CONWAY).When N>財 >2,the tHttguFar array tt oF hexavgons cannot

be tiFed by rM七 .

This analysis has an interesting vanatiOn case n√:=2. Civen two elements g andん of

Fe,we cm defhe them to be equivalentifP(g)and P(ん )haVe the same endpoints,P′ (g)and

P'(ん)have the salnc endpoints,and if the numbers Of polygons Of the three types enciosed
by the path P(g)P(ん)Tl iS a multipleたof(1,1,1)WhiCh has the same pa五ty as the number

of polygons enclosed by P'(g)P′(ん)~1・This dettes a central extensiOn Of r×「′by Z3

「10ddo the subgroup generated by s2サ2u2=1.To justify that this grOup is in fact Cら,We
must prove that s2サ2u2=(ab)12(ca)12(bc)12=l in this grOup,or even better,that it is

POssible tO tile貿12・ SuCh a tiling can be found fairly casily―
一see flgllre 5.1,the 12-stack

by 2‐stacks.                                                        じ

The computation of the mod 2 invanant for tilings by覺
's can be rather annoying

when done dircctly. 〕However,there is a ncat trick,which enables one to sce this invariant

gcometrically: most regions which have a multiple of 3 hexagons can be tiled casily by

め
's a10ng with tribones. The boundary abα bαbcαbαbabc of a tribOne lnaps to ciosed Paths

in both r and「 ′。 In F,it encioses a net of O of each type Of hexagon,as we saw before.

In「 ′
,this curve winds counterclockwise l.5 revolutiOns about arl ab― facc Of the cube,goeド

down a cacdge to thc opposite face,winds l,5 revolutions counterciockwise(with respccも

tO the odentatおn of the square),and gOes up agttn to close.Itおthereおre eqdv』ent、in

teェェェェs of which kinds of stuares it enciOscs,to abcabc,which is an Odd multiple Of(1,1,1)。

Therefore,if a region can be tiled with a collectiOn of2L's together with an odd number of

tribonesi it cannot be tiled with t12'S・ For O く々N<12,only fOr the values 2,3,5,6,8,9,11
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Figure γ.1.The 12‐stack b才2‐stよcks.Tた。trfaれgre■2 Caれbcサどrctt by ttL七.

乳梶∬貯:i躍寄3だ樹描ゴ品綻岳盤
iCkly nnds htt h he cases孔,乳,島and
発

's,while覺
,島 ,and rll can be tiled.G持en my tthng Or tti組伍hng颯,宙鮒品二魚!t翻艦甜だ魂ま

°
縦|】牧材:甜l附:品ぎtiと∫:デ摘諾縄撚2x6諏d3x6P_ttdOgam主

撤 電 眺 艦 】桃

)ぁ

,も,被 岳縄 、身

Jね exagOns c加 蜘 認 by覺 佑r卸 ど

坐 」

(              S 8 .  S E L F‐ SI M I L A R  T I L I N C S

然緊試キ劇丑毬穏開番概&解路鹸撤難
Fbr any Tuhng machine,it is possible tO cOnstruct a Flnite set Of tiles such that these tiles

f[還l tO tile if and only if the Tu五ng machine eventually cOmes tO a halt. The Output of
the Tu五ng lnachine is recOrded,in teェムエムS Of the tiling,by the tiles at a certaan sequence Of

中斌獲督i岳t縄:機潜島督号縦撚艦 盟
・
a ttn島抽d鈍とwhtt happentt One

貫鯖絆注錯召私:孟恐鮮描札:苦胡缶魯錯貰麟魂音1鮮品七i撲胡i発盤監e話i
銑毘Fだ瑞縦

t酷
号胡ャ

he ttSdttng ttngおおOmorphtt by a simiLttyげ品eがとmeぃ
Eventually we will prOve a rather generan thereom,in which we characterize the set Of

similarities fOr selfsimilar tilings of the plttlc(Or of higher_dimensiOnal spaces.)ThiS iS
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closely akin to the constructions for AttarkOv partitiOns in dynan ical systems. !Ho、vever,
what is anso interesting abOut this subject is the particular constni3tiOnS一at issuc is hOw
silnple andhow nice can sclf―silnilar tilings be. The gencrd construラtions be very 100se,and

yield estimates forimmense numbers Oftiles(or elementsばa Markov partitiOn.)Therefore,

we will take the tilne tilne tO discuss sevcral particular e,こmples and cOnstructions.

Picces of this mate宜al are to be fOund in a number Of sOurces, and l have not been

orgatrlized enough tO work out the appropriate attribution、一this鴻″hting shOuld be thOught
of as sem―expositOry9 and many things l say here are not ottginal with me. The theOry

of Markov partitions underlies mOst of this,and there is a very extensive mathematical

literature. Some of the selfsiHlilar tilings can be derived frGim AnosOv maps of the torus tO

itself;Vo Aビrnold deve10ped some connections anong this line,particularly fOr the PenrOse

tilings. The theory of exotic number bases has a literature with which l am not very ・

f― iliar;in particular,though,it is discussed in]Knuth's Arもof computer programmng。

Rick Kenyon,cunrently a graduate student at Pttnceton,has wOrked Out some beautiful

additional constructions lor self―silnilar tilings which l will n,Dt discuss here.

Figure 8.■. Tlling of the plane by trionilnoese  rん13 13 a PθTttθれ?メα・0・‐PCTtθtttc
SClr‐31碗 すrar tfrlingげ せんc Prane by五 ‐3れaPctt tTす θれすれ θes,rれ c cttα れ3:θれ ル CtθT 13 2.rん c

trtθ砲j砲θcs cθttc l■4 oTicatattθれ3.

There are rather trivial examples Of this phenomenoni for instance, the tiling of the

plane by squares is self‐similar,with the subdivision rde that each tile subdivides into 4

subsquares.

A slightly lnore complicated exalnple is anあ―shaped trionilno,Inade frOrn three squares

glued together. It can be subdivided into 4 silnilar flgures of half the size. If you expa=ェd

this shape,arld then subdivide agttn,and cOntinuc indeflnitely,the limit of this prOcess

yields a scif―silnilar tiling of the plarle by五
‐trionilno's
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Figure 8。2. Second stage in hexagonal fractal tiles. rんc array θメんcαagθれ3カ,T〃あC冴

by rcPcaサcどry scυc._cθrθrすれg,せれcれregrθttPすれgtれαサfrc3 arθ竹化江せんc brttc ttresf 3CCθ,どrcυcr

This sme process does not quite wOrk with hexagons.A hexagon,together with its 6

neighbors,looks roughly like a hexagon一 一but not exactly.

Let's modify the shape a bit untilit works.As a second approximation to a self― similttr

tiling,instead Of a hexagon,let's use a hexagon together with its six iHInediate ncighbors

as a tiling of R2. TheSe tiles can be used to tile the plane in a hexagonal patterni to do

it,use a periodic seven― coloring of the hexagonal tiling. If onc of the colors is blue,then

each tile is either blue,or touches exactly one bluc tile. Use the clusters centered at blue

tiles to tile the plalle.

To continue the process,iげ helpS tO renoHnalize the new tiling,so that the latticc of

center points of the blue tiles is lnapped to the lattice of center points Of ali tiles. Thus

we get a seven coloring of the new tiling of the plane. Group the new tiles by sevens,and

renormalize. This process,iterated, converges to a tile of a certaln fractal shape. ′ rhe

limiting shape is homeomorphic tO a disk,and it tiles the plane in the same combinatorial

patteェェェas thc original hexagonal tiling― but nOw the tiling is self―silnilare When we

transfoェムェェthe plane,considered as C,by the transformation″ → αz where α =(5+

√ 巧 )/2,then the image of anyは陀 h thc hmit pattem is the utton of seven dles.

This cxmple has the feature that all tiles are congment,so there is only one rule for

subdivision.There is a rich collection of examples which can be cOnstructed similarly,but

there are even lnore tilings which have several tile types.We will construtt a nrst example

on the real line. The sirnplest possibility is that there are only twO types of tiles,which

are inte― ls:let us call them A andコ 。We specify that when am A tile is enlarged、 it

subdivides into an A arid a」B, and when a β  tile is enlarged,it becomes an A. Tllcl〕

the s e c O n d  s u b d i v i s i o n  o f  A  c o n s i s t s  o f  t t B A , w h i c h  g o e s t o  A B A Aβ一→九βAABAガ A―→

ABAABABAAβ AAB ctc.

The nurnbers of A―tiles and β‐tiles,

Version l.5
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Figure 8.3. Fourth stage

by TcPcatcttry scυcれ_cθrθrtれす,

(3 , 2 )→ (5, 3 )→ (8, 5 )→ ..

constant rnust be the golden

satisfy φα=α ttb and φb=

cigenvaluc φ,say α=φ and
works.
To construct tt actual selユsimilar tiling with tilis pattem,we can start tt A tile p,φl,

The exp甑 革 ion Of this tile implies that there is ti J tile attaCent to it,lφ ,φ +1卜  T},je

expansion of the B tile deines another A tile... and so On. Eventually we get a tiling of

the positive real linc. The pattern does nOt actually cxtend to a strictly self―similar tiling

of the negative real line.If wc Put a β tile t-1,01,it eXpttnds and subdivides into a single

A,which subdivides back into an Aβo We get a pattern which rcPcats With PcriOd 2.If

we used instead the rde for the second subdivisioll,A→ABA and β → ムβ,the tiling
would be strictly self―similar.

There is a famous 2-dimensional generalization Of the preceding example,due tO]Roger

Penrosc,and known as the Penrose tiling. Thc Penrose tiles come in several vattants We

will describe a version using two shapes Of isosceles triangles,the two triangles havintt side

lengths in the golden ratioo To properly deanc a rde for subdivision,however,we consider

the twO triangies to come in two types,a left‐handed form and a right― handed fOrm. This

is graphically represented by putting dark edges on two of the sides Of each trianglQ. In

the tiling,dark edges will lnatch with dark edges.

Across any undarkened edge is a mirror image Of the given triangle. The union of twc

such mirror image thin triangles is aた ,te;the uniOn of twO mirror image fat trian31es is a

】arを.                                                              '

The rules for subdivision can be applied recursively tO get flner and flner subdivisiOns

in hexagonal frilctal tiles.  rんc arTay

tれeれTcgrO竹Pすれすtもt tfrc3 αTθ″れ冴↓んC brttc

q/んcααゴθ砲3メbrttCど
をfre3f/0切rtt rcυcr

・中い市ね明的
ａｔｔｈｅｅｘ的拍叫Ｐ的
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Figure 8.4. Pさ nrose tiles ■ . グ 比 e rOur bα 31C trfα れgre3,サ んど紀1,メ αサ1,せ んぢれ2,メ at2, ど れ

ど句津
‐れa"】 cど aれ ″ Tすすれを‐れan】 cど υcTsfθ れ3. rhCれ これどC″,C33 13 】 ど3をどれす竹ど3ん ctt by tれ c 』 αTた cttpes

θれ を切θ O r挽 3ど″e Sザ C a c t  t T f a t t r e c  D a r た 。的 c 3切 f r r  a r t t a y S  t t a t c れ切れ腕 a Tた c t t c s , α れ冴

tれc tfre aり 。すれすれす arθ ng a 3材 c切 fせんθ“taど arた cttc ttfrr arttay3 bCせ んc ttfrTθ Tす 砲 αttc.

Figure 8.5。Penrose tiles 2.掛晩ntre rOr jttbどれどJj。れザ抗c/0竹T bα5tc tT,attrc3.ムせんあ
せTすαれすrc Jubttfυすどc3すれせθ力けθサれすれせriiaれgre3 aれどa rar trfattFcデaメあせせTfaれすre 3竹b冴どυ,どc31れをθ
o,c rat tnia,メcaれ冴θ,Cサれf,サniaれメc.

of a given triangle, or

the plane.

To get a self―simdlar

of a right―handed thin

triangle by a cOmplex

of the subdivision to

VersiOn l.5

they can be rescaled tO give tilings of larger arld larger regions in

tiling of the entire plane,we can exploit the fact that the subdivisiOn

triangle contaans a rightahanded thin triangle. Map the subdivided

attle transformatおn(a ttmnarity)WhiCh sends the sman t五an」e
the Odginal. If this prOcess,subdivisiOn f01lowed by expansion, is
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Figure 8.6. rescaling triangles.  rれ すれtT,aれすrc

ra宅汗Tθれe3 matCん切ttれせんc slnarrer.

Figure 8.7.

サT,αれgre.

iterated,we

ヽ

3θサんaササんc3竹b冴すぞlj θ,30/tんcrescare冴

eXPanding subdivisions. rれ c sub″ fυど31θれ θメ α 」危 切Tせん‐
gcれ craせ fθれ TcscarC冴

obtadn a tiling of thc entire plane.

ノ

One construction for self―silnilar

solitaire. First we will go over the

Version l.5

S9. SOLITAIRE

tilings can be descdbed in teHェis of

theory for real numberst it is a nice

a kind Of galnc Of

special case,and
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Figure 8.8.Penrose tiles 3.A jer/_jf岡 frar Pcれ rθsc tfrれ す 切fせん 3ダ砲 砲 ctryせ んcあ れcどTar

gTθ “P or θ Tどer 10 caa bc cθ ,3サ RLCtcど by bc,す れれすれす 也だサれ 10せ んどれ せTFaれ prcs θ メ artcTれ aサどれす れaれ 冴_

C冴"C33 arTaれ Jcど abθ “せ せんc θ rfす|れ. rれ c sccθ れ冴 3“ bどfυj3すθ■ Orせ んど3 a cθ 陀鼻夕切Taサfθれ cθれサαど,3

サれc o r竹 ど,こ r cθtt g u r aせ fθれ すれ せんc c c t t t e r ,  7協 声3 P I C t u r c  Jん θ切じ せんc t t T 3を 53切 b冴すυど31θ■3,切 ii tん

tれc c″pe3 0r trfa,すre3 at サれc υaniθ“3 3tagcs れaυすれg せんすcたれc33 3Care冴 サθ 3んθ伍' せんe recttTs'υc

stttcture.

enableS us tO indirectly construct some tilings of the plane.

Consider any real number β greater th狙 1.Thcre is a c狐lonical way to cOnstnict a
baSe β SyStem for the real numbers,which cOincides with the usuan dettnition if β is an
integer. The deanitions are vもry simple: A not necessarily proper representation in base

β meanS a se五es

、       どたβ
た十どた_lβた

~1+・…+ど0+ど_lβ~1+.…,

w i t hどど>0, a l t t  w r i t t e n

どたどた_1.… ど0.ど_1.… .

Such a series need not even converge,but in practice the dittttsどf will be bounded,so
that it cOnverges to a positive real number which it represents. Improper representations

have a lexicographical orderingi they are Ordered according to the flrst digit in which they

disagrec.

A representation is stActtt PrθPcr if the diびts are bounded,and if it is lexicographically

the greatest representation of the positive real number it represents. It is ttcaたry prθPcr if
each anite truncation is 3せniCtry PTθPcr.Thusin base β=10,.999.…is weをよly but not
strictly prOper,since l.000.… is greater in lexicographica1 0rder. ImprOper representationi

are frowned upon in school,but they have their place. Once,a niece Of IIline in kindergaI`tcn

told lne she knew what 3 tilnes ll was:33.

I asked`〔Well then,what's7times ll?"

Version l.5 26 」uly 20,1989



``It's seventy―
seven.''

``Okay,I bet you don't know what 12 times ll is."

“Twelveけ ―tWelve",she gleefully replied.

IVe agreed that twelvety―twelve is a perfectly gOOd number,we knOw whatit rneals,but

if we were talking to other pcople we wOuld teu them onc hundred and thirty twO一―fOr
us,tweivety―twelvc is just nne.

The key to understanding any base β iS itS carry,c?竹cnCC,The carry sequence I▼lay be

described as the sequence of digits Of the representation of l which is weakly prop,r,but

not strictly proper.

The carry sequence carry(β)may be constructeどby a dynamictt process,as follows:
start with α=1.Repeatedly multiply,by β,and Fubtract the largest integerどf strictly
less than the result. The sequenceどどso Obttttned is the carry sequence,

PROPOSITION 9.1. CARRY CHARACTERIZES. A rcPr(SCllけatFon fn base β iS StrictFy f)rOper
ff aflどonFy ff the sequencl oF d撓ダts Startfng at any Pcint Fs rexicographicarryiress tl tt the
carry scquence carry(β)・

PROOF: This is pretty obvious。 t   19・1,Cttry characi亘茎∃
PROPOSITION 9.2.cARRY SHIFTS LESS.A sequcllce 〕 f Posf↓fve rntegers(cf}iS r car7

scqucnce fF anど orlFy fF ft has tt fnttfけe number oF cfと 0,and no sequence obttileど by

占oppfng a SILite number oFFnflfaF eFements is FexicOgrt phicaFFy greater tharl it,

The operation Of dropping the flrst element Of a sequerlce is kno、アn as the BcrnOuユli shift,

or one―sided Bernoulli shift.

PROOF: It is clear that the carly sequence for any base′夕has these prOperties.NOtc that

if ct were eventually O, then o would have arived at O in the dynarmcal process above,

which is impossible。

To prove the converse,consider the lnap from real numbers to carry sequences. It takes

natural order of the real line to lexicographica1 0rder。

The set of all sequences of positive integers with a given bound has a natural topolog丁
of a Cantor set,with the compact‐open topology.Ifてゑ}お an inCreasing convergent
sequence of real numbers,then carry(β)alSO COnverges to carry(lim({β.)))・H9Wevcr,
carry is discontinous at those β so that the dynamcal process above eventually arrives at
a discOntinuity of the greatest integer function(紙l integer)。On the next step,α is therl l,

so that carry(β)iS periodico At such a point,one sces from the dynamcal process thれt if

the cartt sequcnce is.(CoCュ…・Cた-lCた),the limit frOm above is.cO….cた一ェ(Cた+1)000・…

Consider now the closure of the set of anl sequences satisfying the condition Of the

proposition,that is,all such sequences together with a11 11回五ts frorrl above at periodic carry

sequcnces. Folェェi the quotient topology,identifying each periodic carry sequence科 なth its

hH遺t froHl above.It is not hard to sce that this toPologican space is homeOmorphic to tllc

real line,using the linear ordering.The ttap β→Cttry(β)iS monotone and continuOus in
this tOPology,so by the inteェ上工ediate value theorem it is sllrjective.

9.2,carry shifts icss
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Tlhesc observations are ciosely related tO the theory of kneading sequences, tMilnOr
Thurstonl,WhiCh arise in the theory Of iterated(non― hOmcOmorphic)mapS Of intervals.

A Pi3θt number is tm algebraic integer such that all its Galois cOttugates are strictly

inside the unit circle. In lnore down―tO_ettrth teェェェAS,a Pisot numberis real number a which

is a root of a polynoman″71 t α
れ_1,71-1_Ⅲ…・+α O With integer coettcients and leading

coefncient l such that all the roots except a are inside the unit circle in the complex plane.

'ンPROPOSITION 9.3. PIsoT cARRY PERIODIC. The cttry sequence For arly PFsot basc β>1

t/ノ壇
:「ど

°

ttCる Fs an erement of the ScFど Q(β), むhen the represenむation οFを ゴn base β Fs
eventuaFFy pe声oどFc.

Exa】mples. The most famous example is the golden ratiO φ=1.618.… t lts carry
sequence is。1010101.…. This lneans that a base φ repreSentation is weakly prOper if and
only if the digits ‐e O's and l's, and each l is followed by at least one O. It can be

seen by cottputation(or inspection)that the carry sequence for the cubic number二

_22t_1,α L宇1・465571231876768 is.100100100100.…:cach l must be followed by at icast

two zerOS, Computation shOws that the carry sequence for the cubic r3 = 露 +1, 何 ミ

1,324717957244746,is.100001000010000... . From this example one sces that the length

)2q7ヱ
…
 Of the period can be longer than the degree. The cubic number″ 3 = 3α 2 _22・

+1,
―-7α ～ 2.546818276884理 ,is.201111111.… .This example shows that the carry scquence

極轟巧百石高頭恵証頭弔ふiodic but not periodic.All these numbers are Pisot numbers.

PROOF:The base‐ β representation″β of a positive real nurrlber O<伊<β iS deterlnined
by a dyn― c process almost identical to the previoust start with α,subtract the greatest
integer in,and lnultiply by β tO get the new″.

Even though we have been talking Only about the real numbers,sOmehow multidirllen―

絆 程穏話器齢酷!1魯務増盈経ご者七『
r王
1毘晋猛Fiデ

i葛
夏辞l品苫結:e浮私ょ登着薔

Polynomial for β iS an eigenvector for this action,with a l―dimensional eigenspace,and for
each pttir of complex cottugate rOots there is a 2-dimensional invahant subspace: it has
two complex structures,of opposite odentatiOn,in which the actiOn of β is cbnjugate to
multiplication by these cOmplex roOts. Since:数l the characte五stic roOts but β are inside
the unit circle,the dyn―cs of rnttltiplication by β are to squceze everything tOward the
β―eigenspace,and stretch 9ut that eigenspace. Let S c 7 be the hyperplane which is the
linear span of the contracting directiOns,and y c y be the expanding subspace.

If a isin Q(β),it dettes tt element of y,and th卜e dyn―ic process deaning oβ can be
interpreted inside y. we repeatedly subtract the largest lnultiple of l c y,which keeps α
on the same side of S,then multiply by β.

Observe that″ :斌ways rernaans in a bounded region of y,を述this process is iterated. It

can never escape very far from S,since we always guide it back,and it can never cscape

very far from y,since β squcezes y towttd L/.
If"starts out as an ttgebraic integer in Q(β ),then it always remains an algebraic

integer. The set of all tttgebraac integers forms a lattice in y,so tt can only take a flnite
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number Of valdes. TherefOre, its Orbit eventually arri′es back at a lireViOus point, and

frOEl then On it repeats.

If r is in‐the fleld but nOt an angebralc integer,then there is sOme integer 7n SuCh that

砲 α is an algebrtttc integer.MIultiplicatiOn by β  preservet this prOperty.TherefOre the Orbit

of tt remぶns in the lattice of(1/m)times algebrttc inteぷerS,and again it must eventuanly
repeat.

9。3,Pisot carly periodic

The converse ofthis propOsition is alsO truc,butitis not true that every angebradc number

with an eventually periodic carry sequence is Pisoti numbく,rs with periOdic carry sequences

are densc,but Pisot numbers form a countable ciOsed subもet Of R. For a random exaHlI)le,

the sequence 。(32123012310)satiSnes the hypothescs Of I〕ropOsitiOn 9。2, carry shifts icss,

so it is the carry sequence of some number β.Simple algebrttc marlipdation shOws tllat

β muSt be a root of the irreducible polynomial

を11-3を 10・-2何 9-E8_2″ 73-3α6_r4._2tじ 3_3露 2_E_1,i

whose largest root(compare 10.1,Largest integers expand tilings)is

,

3.67558944232794403943248035257568326'74643931....

Computation shows that its carry sequence is indeed

.32123012310321230123103212301231032123012311032123012310....

This polynomal has two other r00ts,340861土 。998669ぢ (1■Oddus l.05524)outside the

unit circle,so it is not a Pisot number。

One i― ediately obttttns self―silnilar tilings of R froHl allyヽTcal number with a periodic
carry seqdencei tile the positive reals accOrding to the twhol,'pOrtion of its base β rep―
resentation,that is,the portion to the left of the decimal ptint, MultiplicatiOn by β is
a shift Of the decimal point,so that each tile is taken tO a ni!ite uniOn of tiles. The fact

that thereにIc only a flnite number of difFerent tiles up to coni:ruence is equivanent to the

fact that carry(β)iS eventually periOdic:in fact,the lengths(f intervals which occur are
exactly the orbit of l under the dynarmcal process for the carrr sequencc.      ‐

It is curious that one ans。。btaans a seif―silnilar tiling of the planc or a higher―dilnensional
space from this constrtlction,if β iS a cubic Pisot number which is also an ttgebraic unit

(thiS means that the constant teェЩ of the minimal polynolmal is±1).The niCe αぉc is
when the degree is 3,when we will obt:窺n a self‐silnilar tiling of the plane,a kind of`(3alois
COttugate'of the original tiling.
Supposethen that β>l is a PiSOt unit.For any algebrttc integer">lin Q(β),letたbe

the greatest integer such that β
~たo≧ 1.The Sequcncc of digits fOr露(shiftedたPositions)

is obtぶned by the dynamical process starting with β
~た。.Note that since β is arl algebraic

unit,its inverse is also an algebrttc unit,sO β~たα is an dgebraic integer.Therefore,αβ is
eventually periodic,tcとェェ.inating in onc Of a nnite set of repeating patterns.
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For any ttgebrttc integer伊∈Q(β),let tt COnsist of anl other algebraic integers which
agree with r after the decimal pOint.The difFerence of tty two elements Ofttt is a series
in Positive powers of β. These act as cOntracting linear maps in the hyperplme S,sO the

projection of tt to S has bounded diameter,independent Of r. Each tt has at least One
representative in the slab S x p,11.It f01lows that the closures IE Of the projections Of
the trr to s overlap with bounded multiplicity.
Note that β~1乳iS a nnite dittOint union of発・Therefore,one can express β~lFをas

a anite union,probably not dittOint,Of【y's(a SubdivisiOn rdc)。(ThiS iS a cruci』point
where it is important that β be a unit.)If the dimensiOn Of S is 2,that is,β iS a cubic
number,then multiplication by β is a genuine silnilarity of S. Otherwise,β

~l Stretches

the shape of【y difFerentianly in difFerent directions.
We cl乏遠m that there are Only a flnite number Of the tXiy's,up to translatiOn in S. In

ordeゴtO see this cladm clearly,it is a good time to introduce the language of anite state

automata.AJ電 れすサC Staサ c auせ θ ttaセθれ or"れ fせC3せ αせC ttacれ ど,cPレ f over an alphabet A is a

nnite set sM,(the SCt Of states ofi豚 ),a map A X S豚 → SM(the state transition map for

〃 ),tOgether with a distinguished element r c SM(the initial state),賞 ld a distinguished

subset OK⊂ SM(the accepting states).It iS Often convenient to visualize ttr as a labeled

directed graph,with a bit of extra structllret r and OK. Aイ operates by starting in its

initial state;□岨it iS fed elements of its alphabet one_by―one,it goes to the state indicated

by its state transition map. //'0と
Given a word 7ヽ in the alphabet A,手7 is acccPせCtt byコ〆if when yOu start at/,名nd go

along the directions given by W,you end up in OK.The set of words五(′y)ヵ&epted by
財 is called the raれ g“agC orえ 。五(財 )is Pr研 "_Crθ3Cttif every prenx of a wヮ ra in五 (M)is

鱗縄韻ユ盤豊憾盤: 1縄 鱗識
such an Aイ,to omt the fail state and all roads leading to it, Whenever a word И ノ″

gives

you directions where there is no cOrrespondingにHro覇らyou i― ediately f蕊l with no chance

for reinstatement.

The dettitiOn for acceptance of an inttite wordおnot so clear in general,but F五(M)
is prenx―ciosed,there is an obviOus deanitioni an inanite word is accepted if and only if

each inite prenx is accepted.

PROPOSITION 9.5. PERIODIC CARRY FSA. Trle scむ。F ycaHy proper base β rcPreSenta―
古fοns fs thとsct accepted by a fnite state machfnc晦,ff anど。nFy fFcarry(β)fs eVentuttFy
pe=fodic

PROOFi(See agure 9.4,proper FSA.)If c=Carry(β )iS eventually periOdic,so that
Cた+P=Cた fOr allた>q,then let SM be integers O,… 。,P十 ?-l tOgether with a f蕊 l state

F.The initial state is Oo Frolm stateど <P十 ?-1,Ci+1-→ ど+1,While all arrOws with
labels less than cf+1 lead to state O, and all arows whose labels are greater i遠1. From

state p t?ロー1,CP十?leads tO state?,While all arrOws with lower labels lead back to O aェld

all arrows with greater labels fail.

Conversely,if there is an FSA tt which recognizes all wettly proper base β represellta‐
tions,thcn we can reconstruct carry(β)frOmゴr by ChOosing,at each stage,the greatest
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Figure 9.4.proper FSA. rれ どJど iaすTαtt frrぃサTαttJ α炉角党C3せαサC ttacれ れ cヵ r TcCθ′押jziiれす
切 れ c t t  a  b α s c  β  T c P T c 3 C れ t a t i θ れ れ P T θ P c T , 切 れ C T c  c a r r y ( β

) = 。
a b c ( 』 c メ g ん ど

) , ″
a C ん a r T θ t t  b a c ん

tθ 0 3せα,ど3ルT a Cθrrectiθれ。/arTθ切3,0れe roT cacんれteper res3↓んa角せんcれあcatctt aれば切t.
ム TTθ切 3れ θt l i n芝lcαサct t  r c a芝 せ。 サんcメあtr 3せαtC  r ,θ せ5れθ切角ジ.

digit accepted by A√ , Since舟 ダhas Only a flnite number Of states,the choices lnust even―

tually repeat.

9.5,periodic carry FSA

Given the right pttt r of″ β(aFter the decimal point),then the questiOn Of which le批
halves r satisfy that rr is a weakly―prOper base β expanSion depends only On the state
whichゴ 豚 is in aFter reading r.Letゴ (″β)be the set Of states after which ttf accepts T:
then F(″β)deter述nes the shape Of Fr,sO there are only initely many possibilitiOs.

It dOes not quite follow that the【 r determne a tiling of the S, fOr they could in

p点nciplc have substantial overiap.In fact,we have not given a dennition of a tiling,let us

do it: Asれすれgrlれg Of a 10cally compact space X is a covering by a cOuntable collectiOn of
compact sets(shingles)Ff,caCh equal tO the closure of its intettor,such that any compact

subsetあ ⊂χ Only intersccts initely manyスff. Aサどrすれg ofゴ▼is a shingling such that the

intersection of the interiors of any two shingles is empty.

Note that the dennition does nOt imposc other tOpological restrictions On the shinこlcs

or tilesi they nced not be connected,or locally cOnnected,Or silnply―cOnnccted.

However,in many cases of this cOnstruction,the shinglings are tilings,and the tiles are

disks.

We shall see later that every selisilnilar shingling is closely related to a self―silnilar tiling.

Jdy 20,198931Version l.5



学     〔

ヘ
  タ

_   対      ‐ セ ト

オ   字

くど昼上_″_ >   卜    い

いと,ノこと
ク/=謀 キ

|)と

t  ｀

Figure 966. Pisot tiling of planee  rれ すjサ frfれg OF a Pθ Tせ'θ砲 。メ せんc Praす れ 切 a30bせ αj犯どだ

a 3せ んc  F c a r θ 1 3れ a r ' O r  t れc  b a s c  α サf r l i n g  O r  R , あ c r e  a 3 = α + 1 , α 宇 上 3 2 4 7 1 7 9 5 7 2 4 4 T 4 6 ,

切れθ3C Catty jctte■ ce f3。 (10000).rれ 13P'Cれ re 3れ θttJせ れc PT"c6せ どθれ せθ CO/aし CbTα 'C linせ●・

gers 3 1れ Q(α )3uCれ せんaれ α れa3at ttθ 5せ 4れ θれ″crO冴 fダ 角 せθ せんcTむ んサ q戸 せんcど ccj砲 ar Pθ れ サ,

r.θ,.ゴ,.θゴ,.θθゴ,.θθθゴノαれどatれθ3サabθ“t30サθせんer"f抑院y arc sれaどctt accθTあれタサθれc
PθTサ,θれtθ tれe nigれをげせんc ttecぁar Pθれサ.助 c serr‐3れfrar,切ザサんαサfrれすれa3cθttTacをどθれルc"
サθT C?uartθ θれc orせんc Carθls cθ町竹gaせc3げα,αl=―.6623589786……56227951206.…を,
θr recliProcarり,cηa,3す0れ力に的r_o。877438833・…+0。7448617666.…ぢ.σθttParC tん為"gttTc
tO p・名f"サC,PTctiれすサれc ttυc tfres as 3とaセC30rせんc PSA.

Now we will generalize to cOmplex numbers.If β is a COmplex number of ttOdulus>1,
how can we defhe a base―β eXpansion for C?First choose a nnite set D=口1,ど2,…・,ど.}
of`digits',with O c D.These could beて0,1,…。,れ},Or any Other set of cOmplex numbers.

Consider(β ,D)。SOLtaire,defhed tt f01lows.At the beginning you areと iVen a cOmplex
number″ 。(ThiS iS like a shutted deck Of cards.)You can subtract any element of D
fro】m zi then it is multiplied by β to get the next z. If z ever grows large enough,from
then On,no lnatter what yOu dO,it will grow iarger,since lnultiplicatiOn by β dOmnates
subtractiOn of elements of D for large″. In this event,you lose.

Let フ/be the set of initial z for which there exists a sequence of lnoves itthich dO nol,

lose.It is easy to sec that〃cOnSsts Of all sms of sehes Σ挺0佐βヤ
~ど

,佐 CD.7為
compact,contttns O,and satisnes the equatiOn″=D+β ~1再生this is a charactedzatioll
ofフF.

If D is too small,thenフ″will be small.However,for any β there exist sets D such
that千れ/cOntalns a ncighborhood of the ottgin. We can,fOr instance,choose an arbitrary
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Figure 9.7. Pisot FSA. rん c PSA切れどcれrecθgれどze3ヵrθPCr bα3C‐α TCPTCscれをattθれ3,切れCTC
α li3せんc3αれC a3 1in"♂竹TC p.び.            タ

y Of the Origin, and then make sure that D is large enOugh that ly.十jD
This guartttees that y c材〆,since we ctt moVe back into E/after each

neighbOrhOod

contains βy.
move.

If予7 does cont〔狙n a neighborhood Of the origin,theIR every complex number admits a

(prObably non―unique)base(β,D)―representatおn,こ.cり,・n eXpression ΣE挺:。軌βf・

How can we select a preferred representation?First ci oose an Ordering of D. ヽ /ヽith this

choice,we can add arlother element of skill to(β,D)SOlitttrei nOw the object is to avoid
shooting to ininity,while s91ecting thc greatest possible(ligit at each stage(giVen previous

choices.)In Other words,the preferred or proper represelltatiOn of a complex number″ is

the One which is greatest in icxicographica1 0rder. A repr(sentation is weakly proper if,for

every inite initial segment,there is an cxtension which is preferred.

Note that this del袖lition agrecs with the previous de島“ition in the case β>l is a real
number,and D=【0,1,おWhere n is the greatest integer less than β,with the natural
hncar ordering.

PROPOSITION 9.8.soLITAIRE FSA. SupPosc that β  c C iS an argebraFc frltegersuch that

aFF fts CaFofs cottugates excepむ β 猛遭 β are FnSど eぬ eu五 むcfrcFe Fn C.rD Fsan orど ereど

sct Of a」gebrttc integers in Q(β ),then there ettsts a点 五 te staむe machine舟 ダ(β,D)WhiCh

胡 H recttnizQ whl,her a sequcnce ο f向 =(向 f}」 Ves a VettFy preFered representtttFon for

s o m e  d e m e t t  z  c″ . ~ ~、
、 ふ て き

告 品 迅 Σ fど.β
→ .ReEnarkS: rrhe element″ in question is oi

WVe have nOt assumed that フ F contaans a neighborhood of O,cven though that is the

casc of interest,

It is ilnportant that we are dealing here with series which begin with the βO teェェェ1.

If we aniowed pOSitive powers, there ttlight not bc aFly lexicographically latest elem●nt

representing a complex number″.

This proposition is closely related to ll.9,hyperbolic automatic(Cannon).

PROOFi COnSider any other sequence of moves角 =(角
3,and COmpare the result ofれ with

that of rれ,starting at the sEEle point″.
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ｔ difFerencesThe difFerence of the twO trajectodes is the sttmeにぉ if we used

D― D fclr digits,卸d started at O,applying mOves虎f一碗f.
AssuHling that ″と―moves remain bOunded, then the n― Inovls remain bOunded if and

only if o stays bOunded using mOvesれf‐-7れ,. Let's now use the fact that we are in an
algebraic number neld Q(β),and consider the multi_dimensiOnal picture y=R①Q(β).
The difFerence moves begin at O and the mOves are always algebraic integers,so it aユways
remttns an algebraic integero MdtiplicatiOn by β has a 2-dimensiOnal invanant expanding
subspace y,which we can identify ttith c,田d a complementary invadant cOntracting
subspace S(by the hypothesis On β.)NO matter what sequence of moves are applied fr6m
D一 D,the point anwayS remaans in a bounded neighborhoOd Of y.

On the Other hand,ifれ is a cOmpetitOr with″l fOr representing z,then the point lnust
also remaan in a bounded neighborhOOd Of s, that is, bOunded in the cOmplex plane`

TherefOrも,in making cOmparisons with″ を,we can restdct tO a compact subset Of y,in
which there is Only a nnite set tt Of algebraic integers.

十~~T闘
配苦 bf 6古hat h i t tё

‐
財 帝ill t t t t s i S t ~ b f  S u b百石tさもf tt r  a t t e卒査もeqこと五どこま あと品る↓さs,

the state will be the subset Af of positiOns which are attainable by sequcnces of lnoves

れlexicOgraphicanly greater tharl tt such that the difFerence sequence is always(until this

mOment)in A.The subset九 キl is clearly determned by the subset九 古,tOgether with the
move碗 キ1.The initian state is o.Every set Af which contains O is a fail state.There may
be Other fail states in additi6ni in generan,defhe β ⊂ A tO be a fail state if手7⊂ (β)+手れ〆

(in C).

9.8,solitaire FSA

Let us now agttn suppOse that ″ cOntaans a neighborhOOd Of the Ottgin. There is a
sequencc of tilings 7私6f閉〆

,where the tiles are labeled by the initialん teェェェェs of weakly

prefered sequences of II10ves,and a tile cOnsists Of the complex numbers represented by
a l l  w e a k l y  p r e f e r r e d  s e q u e n c e P  O f  m O V e s  b e g i n n i n g  w i t h  t h O s eた t e Hェェs . E a c h  O f  t h e s e  s e t s

has nOn―empty interior,arld its shape up to similarity depends Only on the state of the

machne財(β,D)after readng its iabel.The shape up to transiadOn depends ontt On the
state,together withた.
If we cxpand験,multiplying by βた,the shapes Oftiles Only depend On a state of」7(β,D).

Each tile has a rde fOr subdivisiOn,given by the state trttasition rdes forルf(β,D)・
To Obtt窺n a self_similar tiling,choose aたand a tile which Occurs in the intedOr Of the

たth subdivisiOn of itseli Expand this たth subdivisiOn by βた
, and transiate it sO that

the chOsen tile coincides with the original.Repeat this subdivisiOn/expansion/tr祖■Slation
process indeinitely,tO Obtaan a self_similar tiling Of the plane with expansiOn constant βた。

It Elay nOt be possible tO Obtain a self―siEttlar tiling with exp甑■sion cOnstttnt β with thiS
p a r t i c u l a r  s e t  o f  t i l e s . H O w e v e r , i f  w e  c h O O s e  t h e  l i n e a r  o r d e r i n g  O f  t h e  d i g i t s  t O  m t t e  0

g r e a t e 3 t , t h e n  t h e  O―arr o w  f r o m  t h e  i n i t i a l  s t a t e ( t h e  e m p t y  S e t  O f  c o m p e t i t o r s ) l e a d S  b a c k

to the initial state. In this case,the sequence of tilings βた7私agree where they overlap,sO
their union is a self―silnilar tiling of C,

There is another picture assOciated

υ13, αυす3. dyn― cal systems. Let us

VersiOn l.5
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so that lnultiplication by β aCts as 8EI automorphisln Of the lattice Of algebraic‐ntegers
A⊂ y.Therefore β induces a difFeOmOrphism φβ Of the quotient space,y/A,、hich is
a torus. Since no eigenvalues Of the linear transformatiOn are on the unit circle this is

what is called an Anosov difFeOmorphisE1 0f the tOrus, The invahant subspacesし  and S

together with the planes parallel tO them map into the tOrus tO dcane two f01iatiく ,ns,j「u

of dimension 2 and iFS of dilnensionど ロー2,of theど _tOrus.Tnese foliations are invaliant by

φβ.                         ・

The theory of hyperbolic dynamcal systerns tetts us that in this situatiOn, thcre is a
Markov partition for φβ,that is,a inite cOver by ciOsed sets兄弟each of which is a rroduct
in local coordinates of a set ofleaves Of F・and a set Ofleaves Of Fu,such that the rtゴhave
dittOint interiors,arld when the interior of SIこφβ(況f)intersects妃ヵit stretchels clear
across」Rゴin the」「u direction and squcezes inside」配ゴin the」「

3 directiOn. Another、vay to
say this is that the intもrsections of the sets i配ゴwith a generic leaf of j「u or a generic leaF

of」「3 deines a tiling of the leaf;the Markov property says that φβ aCting on an unstable
leaF rnaps each tile to a uniOn Of tiles, and On a stable lcaf maPs it tO a subtile. rrhere

are only a nnite number of tile types,since th9 tile type is deterIIuned by」配さ. If thc,・eis a
`generic'unstable leaf r which is lnapped to itself,its induced tiling is a self―

silnil価・tiling

of the plane.                                 、

More gener』ly,if β is an angebraic integer but not necessarily a unit,there is an tttsoci―
ated mtt φβ ofthe toruS T=7/A to itself,as befOre,butit may be n_to-1.HoweR/er,we
can form the inverse linut of the sequence of lnaps

.…T→ T→ T→ 『

to obtまn a compact space a物 (a Cantor set bundle over the torus),on WhiCh th・,inverse

limit map φ β aCtS as a homcomOrphism.The actiOn Of φ β iS Still hyperbOlic,allユ !玲 has

two foliations,」「u and jF3 which are invanant. The leaves of Fu are homeOmorphic to the

complex planes,but the leaves of Fa are homeomorphic to〕 Rど
~2×

cろwhere c is a Cantor

set. Agぶ n,the generan theory of dynamcal systems implies that a Markov partition fOr

φβ eXiStS.It yields almost self―similar tilings of C,and with some added ctte,actual
self―similar tilings.

S10, CIARACTEttIZATION oF EXPANSION CONSTANTS

Wc have been discussing and dcining self―silnilar tilings by example and byてlontext,but

now we give a lnore fornlan dennition.

A tiling tt「of the complex plane C is serr‐31砲:rar with e■Pan3fθれCθれ3サαれを入c C if

(a):The tiles of r can be divided intO a anite number of distinct ttypes',such that tiles
in a given type difFer only by transiatiOns Of the plane.

(b):When T is matpped by multiplication by人 ,the image of each tile is a uldon Of tiles,

(C):The pattern(relative positions,shapes,and types)Of Subdivision of the・ mage of any

tile under lnultiplication by tt dcPends only on the type of the tile.

(d):The tiling is quasihomogencOus,that is,fOr any r>O there is an兄 >O such that

for every disk万)ofradius r in C and every disk返,of radius R,an isomOrphic copy Of」9

(inCludng types)Can be found within回.
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SOme Of these points bear discussiOn.It wOuld be interesting to relax cOnditiOn(a),

to say that tiles Of the sme type are congruent,but not necessarily by a transiatiOn Of

the plane.I wOuld cOtteCture that nO more examples are Obtttned by this relaxatiOn.

The types of tiles are not to be regarded as part Of the structure of the tilingi they are

a convenience fOr dealing with the rdes Of subdivisiOn. ヽ 「ヽhen twO tiles have the same
type,it implies that they are cOngment,that their subdivis10ns are congruent,and that

ali subsequent subdivisiOns are anso conttent.

ConditiOn(d)is impOSed tO avOid prOblems One encounters in certttn caseS that are nOt

of real interest anyway. FOr instance,consider a tiling Of the plane by squares Of twO sizes,

say l and T,with tiles Of size l tO the left Of the y_axis and size T tO the right. This can

be cOnstructed so that exPansiOn by a factOr of 2 takes each tile tO a uniOn Of 4 tiles. It

satisnes(a),(b),(C)but not(d).

There are also many examples of tilings where a tiling is not strictly self_silnilar,but

w h e r e  t h e r e  i s  a  c y c l e  O f  t i h n g s島
,覺 ,… .,尋 _l  S u c h  t h a t■

+ュれ。どP i S  a  s u b d i v i d O n  o f  t h eexpansiOn of匂恥,using rules depending only on tile types,as above. such a tiling will be
canled Pcrfθ″icarry scrr‐3どれfran There are alsO interesting still weaker cOnditiOns which we
will nOt ad《士ess now.

In this section we will prOvei

THEOREM 10。 1. LARCEST INTEGERS EXPAND TILINCS, 7生compFex numbertt OFmOど』us
bftter tFlan l Fs tt exPansfon cOnstant For sOme seFf―sfniFar tfFfng】f anどOnFy_ゴf人 ゴs
an aFgebrttc Fnteger弔,hfch Fs sttctry Farger than arF fts CaFOFs cO巧

昭あibs bther thあ its
cοmpFex cοttuttte.

Remarks: This theOrem gives cxmples much mOre genertti than

sectiOn.
in the preceding

The cOrresponding cOnditiOn fOr periOdically self―silnilar tilings,which we will not prove,
is that all Ga10is cOttugates Of tt have modulus less than or cqual to that Of人

,and thatthosc Of the same IIloddus have a ratio with tt Or withスwhich is a roOt Of unity.
This theorem and its proof generalizes tttrly easily tO arbitrary dilnensiOns by talking

a b O u t  l i n e a r  t r a n s f o r m a t i O n s人 抽 d  t h e i r  C a 1 0 i s  c O t t u g a t e s . T h e  d i m e n s i O n  l  c a s e  i s

essentially the Perron―Frobenius theOrem and its`cOnverse'Of Doug Lind(ILindl).

The rate Ofまowth of area is人人,which is a real number larger than anl its G』Ois
COttugatesi this fact is actually an easy cOnsequence Of thc PerrOn―

FrObenius thcOrem.It

is not enOugh to guarantee a self_silnialr tiling,for there are examples Of angebraic integers

such that人尻is larger than its Ga10is cOnjugates,but tt has Ca10is cOnjugates bigger than
itself. In such a case,the(Galois grOup is necessarily slrlaller than the symlnetric grOup.

The minimum number Of tiles fOr a selfsilnilar tiling Of expansiOn cOnstant tt is at least

the maximum Of the degreゃ 。f tt and the degrec Of人ス. This is nOt sharp 10wer bOund,
hOwever,       |!

P R O O F : T h e  c a s i e r  d i r e c t i O n  i s  t h e  t O n l y  i f ' d i r e c t i O n , s O  w e  w i l l  d O  t h a t  a r s t .

Let 7'be a self― silnilar tiling with expansiOn cOnstant人 . The prOOf can be thOugllt Ofin

teエムエAS Of eStablishing a system of gOvernance and a systeE1 0f rOads fOr the cOuntryside Of

T。

We wili arst ch。。se a caPすtar(。r capital)fOr each tile,in such a way that the capital
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Of any tile maps to the capitttt of anOther tile under I「4と1ltiplicatiOn l・y人 ,and sO that the
positiOn of the capital relative to a tile depends Only ol its type.

To dO this,lwc can graphicatty represent the rde fol subdivisiOn()f types Of tiles as a

directed graph「. The nodes Of r are labeled by the tyF es of tiles,if a given type a occurs

たtilnes in the subdivisiOn of another type y,たedges Of「lead frOm y tOを,with cach edge
corresponding to a relative positiOn of Onc Of the r―tiles within the expansion Of y.

For each node of r,ch。。sc one distinguished OutgOintt edge.

We ilnposc the condition that the capita1 0f any tile milps under expansion to the capital

of the tile pointed to by its distinguished OutgOing edge.

This determnes the capital c(サ )uniquely for every tile t,since in the sequence of subdi―
visions of a tile,the subtiles necessarily shrink tO pOints.

Now denne a sct D to consist of all difFerences of capital cities Of townships and cOunties,

D= (C(3)・―入C(せ)}

where s is a tile contaaned in人せ.These difFerences are determned by edges of the graph r,

so there are only a nnite number. Labeling the edges of r i〕y the appropriate elements of
D,we allnost have a linite state rnachine:we lnake such tt lilachine舟ダby adding a special

initial state r,a special f査l state F,and attoining to th、3 alphabet D special symbols
beginと,where t ranges over the tiles which contttn O.(If O iS in only one tile,this is not
necessaryo ln the decimal system,十 and‐一play an analogot s role tO begint,fOr the tiling
of R by intervals between integers,人 =10。 )

As usual,we use the convention that if there is no outgoil gそ Hrow with labelど frOHl a

nodc t,then】 leads to the fail state,and that ani non_fall stをしeS are accept states.

It is worth observing that the tiling can casily be reconstt ucted from舟 イ. In fact,Aイ

deterIIllnes a base入 osysteEl for C,where

is proper if and only if the sequence

cOmplex nmber

of digits is accepted bs

″==Σ
E″た人

た
。

The tiles are labeled by the twhole'part of this cxpansion(tO the left of the decim嵐

pOint)and cOnsist of ali complex numbers″ sharing the whole portion.

So far we have developed enough structllre to connect the capitals in a hierarchical

grouping,but there are no provisions for tOudsm or co― erce. Next we need to build

enough roads to connect the capitals of neighboring tiles in a reasonably efncient lnanner.

TO this end,we would like to flnd a nnite set R of`enough'difFcrences between capitalド ,

enough so that you can go lttom any capital to any other along roads of type R quasi・

cfnciently・

MOre formally,we stipdate that ttis sttciently large that there exists a constantヨてsuch

that for any two capitals cα and cりin C,there is a nnite sequenceてcα=Co,…・,Cn=Cり},

Aイ, and it represents the
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w h e r e  c l + 1 - CざC t t  a n d角<ズ lcリ
ーC。|。(In  t h i s  d e血高tiO n , c a p i t a l s  O f  d i s t i n c t  t i l e s  a r e

considered identical if they are in the same place.)One way to guarantee this is to let兄

consist of all dinierences Of capitals Of tiles which have distance no greater than 3 tilnes

the lnaxilnun diameterゴY of a tile. It is ObviOus that One can get around quasi―ettciently
with such roads.It f0110ws from the quasi― homogeneity prOperty(c)in the defhitiOn Of a

self―similar tiling that」R is flnite.

Consider now the eniect of lnultiplicatiOn by人 . For each road rt∈ jR,人rf is a difFerence
oftwO caが talS that劉に somewhat farther apart,sO it can be expressed as人 鳴 =Σ

メ
れどすrブ,

where theん fゴare integers.In Other wOrds,the vectOr(rl,・ …,rm)is an eigenvectOr of the
`highway rew対

ting mat占 x'「 =(ん どゴ),with eigenvaluc人 .

It follows at Once thttt tt is an algebraic integer: it satisfles the charactehstic equation

for r.

TlSere are actually many difFlrent rOutes between any two capitans, We now eliminate

this ambiguity.Let J be the additive subgroup of C generated by jR. Since J is a flnitely

g e n e r a t e d  t O r s i O n  f r e e  a b e l i a n  g r o u p , i t  i s  i s O m o r p h i c  t o  Z r  f O r  s O m e  r . L e tブ 1,… .,Jr  b e

generators for J.The Jf are nOt necessarily in兄.The difFerence between any two capitals
Cユ~C2Can be expressed in a unique way tt an integer linear cornbinatiOn Of theブトThe
S― 弧 Ci。一C2)Ofthe tユ bSOlute valucs Of the coefncients is less tllarl soコ ne constant tirnes the

minilnum number length of a chttn Of rOads betwcen capitals,sO it is less than a constant

times the icl一C21・On the other hand,since thcre is an upper bound tO the length of any

Jど,AKcl― c2)iS ttSO greater th拭ェsome positive cOnstant times the icューC21・
MultiplicatiOn by tt induces an cndOmOrphisII1 0f J,which we also denote r. If r is any

road,it follows that

た空母]と。l10g(J脚
「
(rた(r)))==十人|.

In other words,the ge6met=c growth rate of the images of r under the endOmorphism

r of J is人 . ]But the geomet五c growth rate Of any vector r under iteratiOn of a linear

transformation is the largest ttoddus Of a charactedstic rOOt Of the linear transfOrmation,

restncted to the invanant subspace generated by r. Therefore tt is at least as great as any

of its Galois cOttugates.

To complete the`only if'portion of the proOf,it rerntttns to show that tt is strictly larger

than all other Calois cOttugates except its complex cOnjugate.We wili see this by 100king

at our lnulti―dilnensional picture,y:=J tt R,a little lnore. Suppose that μ is tty Other
charactedsic root Of r such that lμl=1人|.There is then a linear map pμ:y→ c which
conjugates the actiOn of r tO multiplicatiOn by μ(in faCt,Pμ iS a μ_cigenvector of the dual

linear map acting on C tt y・。)Let P denote the o占ginal linear projectiOn Of y to C.
Denneつ .⊂ c× c to be theimage Of r―.(c)byP X Pμ

,and letっ be the c10sure Of the
union ofっざ.

Claim:The projection ofっ tO the nrst factor is a hOmeomOrphism。っ iS the graph Of a
Lipschitz map r i Cθttprcttes→C cottugating multiplicatiOn by tt tO multiplication by rt・

The cl乏遵m is easy to see. In fact,the odginal set tpO clearly satisfles a g10bal LipschtiE

c o n d i t i O n , t h a t  i s , t h e r e  i s  a  c O n s t a n t  F  s u c h  t h a t  f O r  a n y (露1,y l ) cつ and ( 2 2 ,υ2)C ' 0 ,

ly2~yll≦ ズ|″2~密 11(becausc of the quas卜efnciency Of the system of rOads)・Butっ :
is the image ofっO under the map(人 _ど,μ

~f)WhiCh multiplies distatrlces exactly by l入~tl.
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TherefOre the Lipschitz cOndition is unifOrm in tD.

A Lipschitz map r iS difFerentiable dmost everywhere.Let z be a point where it is

difFerentiable. If we expand a neighbOrh00d Of z by a high pOwerれ of(入,μ), then the
ilnage point has a neighborhood of a given radius r where the graph Ofメ is Very closc to

being linear. By the quasi― homogeneity of the tiling,it fol10ws that there is sOme point

″′in a neighborhood of radius況 (r)of the origin.(ThiS f01lows because thl portiOn of
っ above any tile is determined by the type of the t■e.)Fixhg r atrld taking the httt as

れ→ ∞,We Obtttn a point which has a neighborhOOd where r is exactly linear.If r is
large enough,then the disk of radius l abOut the Origin is c6ntained in this disk Of radius

r.Therefore,メ is linear.It follows that μ二人or μ二人.

This completes the only if POrtion Of the proOf.

The second httr of the proof witt be,given an algebradc inteser tt such that all its Galois

COttugates except tt and tt are smaller,to cOnstruct a selfsimilar tiling.

The construction wili naturally make use of the vector space y=R tt Q(人)・
The ttm is to constnlct a subset c⊂ A⊂ y,where A denotes the lattice of algebraic

integers in Q(人), Such that c iS Self―similar in sOme appropriate sense, and so that it

projects to a discrete,quasihomogeneous set in C.
We lnay as wellstart with O c c. NoM″pick a few more elements of A to be in c,cnOugh

sO that O is in the convex hull of the projection of the given points tO C. Deflne this set

to be cO.

(SketChy at the moment.)
Iteratively expand and interpolate.… . Use the Delaunay triangulation to decide when to

interpolate.…  Make a determnistic rde,depending only on the shapes of the]DeLaunay

triangles,together with the tilne since creation一 一that is,wttit a while before subdivi(五ng,

then subdivide thoroughly.… 。Makc a hierarchical structure:each ncw vertex is associated

with the vertices of the previous triangulation nearest The resulting tiles have good quality

if one wttits a long tilne before subdividing,but there may be very lnany ofthem. However,

this picture is not yet quasi―homogeneous..… modify the construction,by choosing a cycttc

ordering of the vertex types that occur(with SOme bounds on shapes and eccentricities of

Delaunay triangles): and Put a tiny copy of the successor vertex type,as the nrst step in

IIlaking the choice for cach vertex type.

10。1,Largest integers cxpandょ1lingS

sll.AuToMATIC GROUPS

Likc lnany things in mathematics,groups can be difncult to get a handic on. In fact,

a celebrated result of Novikov and Boone says that there is no general algo五thm,given

two presentations lor groups, to tett whether or not they are isomorphic: it is not even

possible to tett whether a presentation deschbes the trivial group. Further】more,there are

particular presentations for which,given two words in the generators,it is not possible to
tett whether or not they represent equal elements in the group―一or equivalently,giverA a

singic word,it is not possible to te■whether Or not it eqtlals l.

It is worth emphasizing that the difnculty is not in flnding an algOttthm which will

answer tyes,they are cqual'if they(the grOupS,or the words)are Cqual.Such angorithms,
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in fact,are easy to construct,although they tend tO be stupid and incredibly siOwi the idca

is sirnply to try all possibilities. The difttctllty is in flnding algodthHls lwhich will answer
`nO they are not equal'if they are not.

Despite the fact that intFaCtable groups exist,we dO not need to be discOuraged abOut

flnding techniques which lnight apply to the lnany particulcr grOups which RⅣe would like

to understand better.

The theory of automatic groups is one attempt to delineate a reasonably large class of

groups,including lnany that anse in real mathematical contexts,where it is indeed possible

(but nOt necessarily etty)to`SCe'what they look hke and to an』yze them』go五thttc組貯
by computer.

Here is the forman dcanition of arl autOmatic structure for a groupi we will illustrate it

by examples and interpret it lnore geolnetrically lateri

Af a“せθttaせどc3サrthCt“Tc for a group C is

(a).a Set of generators g for C,

(b)・a Set of wOrds tt accepted by some nnite state automaton″ A(the WOrd acceptor)

with alphabet g,containing at least one word representing each elerrlent Of C,such that

(C)・fOr each element g c g′=Cctt uてs},there exists a nttte state automaton σ。(the
g―comparator)宙th alphabet g′xg′.Given a wOrd切=(切1,υl)(u2,υ2)…。(un,υ.),let u
be the word ult42…・un,and let υ=υ l υ2…・υ71・ Then σo accepts ttt if and only if u and
υ are S― fr∝ prenxes u′ and υ

′
follOwed by(pOSSibly empty)sthngS Of the pad symbol S,

where u′ and υ′are cach accepted by干れ〆A and υ′=三u′gin C,

The word acceptor automaton(b)ShOuld be thought of as picking out canonical forms

for group elements,although this canOnical for]m need not be unique. The comparator

automata of(c)ctt be thOught of tt knitting the canottc』 forms tOgether,to construct

the the group.

Note that, according to the dennition, the automatic structure is deined by the set

of generators together with the sct of words iR: a wOrd acceptor手 れ/A and comparators

desc五bed in(c)muSt exist,but they don't have to be produced tO dette the structure.

Part(C)Of the dcttlition in particular may seem technical and Opaque now,but we

will soon deduce an equivalent condition which is lnOre intuitively comprehensible. Before

doing that,however,let's ioOk at icast at a trivial exmple using these deiniti?ns.

First consider Z,with generators a=l and A=-1. The wOrd acceptOr has thrce

non―fail states

Since only one word is accepted by材 〆A for each element of C,the coHlparator σ l just
reCOEttHZes whether two word are cqual(and accepted by Aイ )The con■ ParatOr Ca(11.2)
has four non―f査l states,of which only one is an accept state.

What sotts of canonictt forms(spedned by wム )ctt there be? Many of you may
be familiar with Ⅲ hem in another guisei the set of words(the rangttα gC)aCCepted by a
nnite state automaton is what is called a reすurar raれす竹agC Or a regular set. Regular sets

are coHlmonly used in many word― processing applicatiOns On computers. Typically yOu
specify a regdtt set by a rcgurar cをPre35す0■Or pattern,and the progran construct,ゎを,

flnite state automaton,sets it running on your flle,flnds lnatches(that is,strings lltti118

your pattern),加 dPぶ nts them out,mttes substitutiOns,or whatever you asked it toよ克
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Figure ll.1. Z word acceptor.  ム

17れPrすCitry a33竹砲Ctれaせサれc gcacratどれg3Ct
冴cれθtesぢ角υcTsc, “れreS3 θサれCT切13Cれθte江.

切 θtt  a c c c Pサ θTル T Z ,切 れ れ PT c J c n t aせ jθ, ( a l )・ "宅

す3 CFθsc冴竹れどcTすれυcT3すθれ,tれどサれat cれange or ca3C

Figure ll.2.Z comparatore rん ぉ ,stれ c cθ ttParatθ T σ a roTせ んc grθ ttP Z,gencratctt by

α.rtれ α30れ ry θ ,c acccPt 3tatC,aれ ど tれTce θ せんer 3tatC3カ 切純 切れ,cれ れ ば3p033tbrCせ θ Tcacれ

tれc acccP'3せ αサC.ム れy arrθ 切 れθサ3ん。切れ rca江 3 tOせ んcヵ ガr staを c,れ θせ 3んθ切れ,rTθ 砲 切れ,cれ どt,3

1れ P0331brC to cscaPc.

A good example is the lUnix utility egrep. The word acceptor for Z,for instance,could

be specifled by the regular expression

aキIA率

where the syェェェbol tt denotes zero or more repetitions of the preceding object, and the

symbol i means`oゴ.The commarld

pttnts out a11 lines of its
the beginning of a line,$

Version l.5

egreP '‐a辛IA*$'

inputs which are accepted by WA.The symbolハ  here denotes

denotes thc end of a line,and parantheses are used for grouping.

41
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Figure ll.3. 酔 ee word acceptor.

grθ“P律引)・

ム 切 θtt acccPtθ Tル T TCど 竹 Cc芝 切 θ貿 れ れ せん c/Tcc

(The quotes'protect all the special symbOls from being interpreted by the shell(cOmmand

ParSer),beお re egrep gets them)。

It is alsO easy to construct an automatic structure by inspectiOn fOr the group on角

generators. For instance,a word acceptOr which accepts only wOrds in reduced form for
the ice group(abl)iS illustrated in ll.3.The correspondng egrep commalxd is

egreP '‐(bキIBヰ)?((aキIAヰ)(bキIBヰ))ホ(aキIA+)?$'  ,

Here some more notation has been introduced.Parentheses'o'are uSed for grOuping.
The operatOr? means zero 6r one Occurrence:(cttPTcJJlθ ■)? is equivalent to ((cttPTc8‐

310■ 1))。  rrhe operator+means one or lnore occurrencesi(caPTc551θ ■)+is equivalent to

( e ″P T C 3 3 1 θ■) ( cを P r e 3 3 すθれ)中. T h e  e g r e p  c o m m a r l d  a s k s  f o r  a  w o r d  w h O s e  m t t n  p a r t  c O n s i s t s

of repeated stnngs of a's Or A's followed by a strings Of b's or B's, and is matched by

((aヰIA+)(bキ IB+))球. However,the beginning and ending Hlight be in a difFerent phase,

hence the extra stufF enciOsing it.

The reader might ettOy cOnstnlcting the egrep expression for reduced words in the free

group on three generators,
Of cOurse,this usc of egrep is nOt the use for which it was designed, and the regular

expressions for a group tend to bc a bit long‐winded. Nonetheless,the ettciency and the

success of egrep and other related code is an insPiration and a guide to what we may be

able tO accomplish with groups.

Ccometricatty,a word in the generators of a group C is equivalent tO a silnplicial path

in the group graph「 (C)(See s3,Group graphs)starting at the base point.The set of
words accepted by a wOrd acceptor autOmaton thus deanes a family of paths in the graph

Of the group beginning at the base point,at least ending at each vertex.
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The fact that difFerent paths have difFerent dOmains is m incOnvenience here. If γ
:“A→

易f is a path,where“A is an inter、電斌,let予 :R― →_Xi be the extensiOn tO al1 0f R‖′hich is
constant in the cOmponents Of the cOmplement Ofム.

IVe can denne a cθttbれすOf a metric spac踏

乱 きこ温,監舌Fily F°

f paths inメbeginning
at the base pOint,including the trivian const

(a):there is a cOnstant r>O such that fOr any E cメ at icast One path ends within a
distmcc Of rf of r,arld

(b):fOr anyあ>O there is anれf such that whenever twO paths end within a distance Of
五,then they are within distance tt fOr all time.

A combing,in Other wOrds,is apprOxilnately a unifOr正 還y continuOus right inverse to the
map which takes a path tO its endPOint,using the unifbrm metric On pathso HOwever,the

inverse need be deined Only sketdlily,and it need nOt be cOntinous: its discOntinuities are

bOunded(by【 ),hoWevero lf we didn't al10w discOntinuities,cOmbings cOuld exist Only fOr
contractible sPaccs。(We could then try tO wOrk with classifying spaces fOr grOups,rather
than graphs Of grOups,but we have no guarantee that the groups、「e、アill deal鞘/ith have
compact classifying spaces.)

貫け岳灘段粧よ津f断号指懇雷器錯 就録ゴ塩孔話被播む髭統撚播締鑑
ombれ どοf r(C).

PROOF:

SuppOse,arst,that the sct Of paths derttled by tt is a cOmbing of「
(C).Let千 7A bea

flnite state automaton which accepts wOrds in jR,with padding by$at the end perrmtted.

温た,塩名縦淵ゴ縦sttth鞘紺鑑播盤孟革i盤針総 e栃警品:艦
Deflnc a inite state machine DげメWith ttphabet g'xg′,whose set Of states is the set of
group elements within a distance Of A√from the identity tOgether with a宝蕊l state. On
reading a pttr of wOrds(“,υ)(COmbined,as in thc PreviOus discussiOn,tO make a single
word in g'xgりthe state of Dどメメat any time is Failif either Of the cOmponent wOrds is
not accepted by千れ〆A Or if the wOrds at sOme tilne have been at a distance greater than
ルf from each otheri Otherwise,the state of Dどメr after readingたsymbOls is the difFerence,
u戸

lυ
た Where切 た denotes the lengthた preax Of a word切 .The nOn― Fail transitiOns Of Dぢ

メメ
on input(α ,b)gO frOm state g to state α

~19b・
                  ‐

Co】mparatOr machines can be obtained from Dぢ メメjust by chOice Of the which states are
acceptedi the only accept state for Cro is g. This shOws that if jR deines a cOmbing of

r(c),then tt gives an automatic structure.

SuppOse,cOnversely,that itt determnes an automatic structllre fOr C. TO shOw that」
R

deines a cOmbing,it will s面 ce tO prove that any twO accepted wOrds ending within a
distancc Of l from each Other remadn a bOunded distance apart,since wOrds whOse ends

are EIOre distant than l can be jOined by a chttn Of wOrds ending l apart.Thus,we necd
to show that fOr each cOmparatOr【ら,the pairs Of words accepted by cg remain a b01lnded
distance apart.

If there are states in tσクwhich never can lead tO an accept state,no matter what thc

input,we may collapsc all such states tO a single fail state,without changing the sct Of
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words accepted by〔σ。.

Once this is dOne,we cl:狙 m that the wOrd difTerence u戸 ユ
υた depends Only on the state Of

σ。ポter reading(uた ,υた),provided this state is nOt a f嵐 l state.Indeed,suppose that the
state of σg aFter readng anOther pttr of wOrds(切1,可為 the Same as the stateポter readng

(uた,υた),狐 d that this state is nOt a fail state.Then therc is sOme stttix(切
ヵEす)such that

σo accepts(uた りヵυた。ゴ)and therefOre aaso(伍 1切ヵυl″ゴ)・By de&高 tiOn Of a g―cOmparator,

(“たリゴ)~1(υた。す)=g=(ulり す)~1(υlαゴ)

,and therefOre

切「
lυた=あFIす。す=ul~ユυl,

that is,the wOrd difFerences are equal.

SiPCe Cg has only anitely many states,the set Of pOssible wOrd Of accepted pぶ
rs Of

words is anite,hence thttr diStance is bOunded.
TherefOre,the set Of paths defhed by tt gives a combing Of r(G).

11.4,automatic cOmbing

F i g u r e  l l . 5 . A b e l i a n  a c c e p t O r e  A  t t θ r冴
? c c c P サ

θr  a u サθt t a t θれ r o T  z 2 , a C C C P せ れ β t tθTど3

何宅atcれ すれす せんe reョ“rar eaPTc331θ れ (a*IAホ )(b■ IBホ). Prθせc tれc re3C拓れbrattcc tθ セんc acccPせ θT rbT

Z・ z r " .り .

z2と吊f統鵜域F枕品培縛縦錯名】l器号獄。&骨岩培鑑獲粘猛精
the pattern

( aホIA岩)( bホIB * ) .
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Figure ll.6.Abelian tree. Tん c ttθT』 aCCCPを θT?メ ゴゴ.5 acccPせ 3 TC』 竹Cc冴 切θT冴3切 んtcれ !jc

tれtれc trec tれせんc graPれげtれc grθ“PZxZ:rr憾 サratctt abθυc.

These are accepted by the silnple nnite state matthine of flgllre ll.5. The words in足

correspond to paths along the sottd lines(hOriZOntal,then vertical)Of ngure ll.6.Clearly

these words form a combing,so拓 `deflnes an automatic structure for Z2.

Often a majOr difnculty in handling initely presented groupsis to come up with concepts
which are independent of the generating seto We are in rcasonably good shapc here:

PROPOSTION ll.7.AUTOMATIC INDEPENDENT OF CENERATORS. r a group has ttn auto―

mat:c structure wばth usmg one set oFgenerators,then ft Flas an automatic structure using

any other。

PROOF: ThiS is quite casy, Suppose we have an automatic structllre using generators g,

and that gl is an anternate set of generatOrs. For each g c g, ch。 。se a wOrd ttg in gl

representing【7・ If tt is the regular set of words for the Original automatic structure,lct iRュ

be the set Of words obtaaned by replacing each generator g by lり。. Cicarly jRl is recognized

by a anite state lnachine〃 Al: it can be constructed from手 ん〆A by subdividing each edge

labeled g by inserting new states so that it can be labeled by the elements of切 。.

Since tt defhed a combing,clearly ttl alsO defhes a combing(even thOugh the graph

「(C)has charlged,and the metric has changed,the metric induced bn C has chttged only
by a bounded factor.)

To think about the geometry of a grOup in a way that is independent of chOice of
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generators(or other additional structure),one should try to understand the?竹aじj‐ゴCθttetTy

of the grouPo A choice of generators for C deines a lnetric on tT,the wOrd lnetric,鴻アhere

the distance between two group elements g andん is the minimum length of a path in「 (G)

joining g toれ,or equivalently,the lninimum length Of a word representing g~ユれ。When the

set of generators is changed,this lnetric changes by a map satisfying some giobal Lipschitz

conditioni the metric changes(up or dOWn)by a bOunded factor.

A tta3す。gcθどc3fC in a metric space X is a path 7:A→ズ (Where A an intervan)which
in the largc has a percentage cttciency bounded away frorn O: that is,there is a constant

rf such that for any two real numbersを1くくを2,

ど(γ(を1),7(サ2))>1/rf(サ2~サI)~ズ・

The paths in any combing of_Xi are quasi―geodesics. The sct of quasi―geOdesics of X
depends only on the quasi―geolnetry ofゴて。

If 9 iS any cOmpact,connected space with fundamental group C and if 9 has a path
metric,that is,a metric in which the distance between points is equtt to the rlllinilnum

length of a path joining thenl,then the universal cOver t9 haS an induced path metric.

The set of preimages of the bascPoint in c iS Canonically isomorphic to C,so an induced

metric is deaned on co This induced lnetric is clearly in the same quasi―class as any Mアord
metrics on C.

One casc Of particular interest is thatゴてis a manifOld of negative curvature:for instancc,

a hyperbolic rnanifbld. Then the quasi―geOdesics in rf are particularly nice:

PROPOSITION ll.8.   HYPERBOLIC QUASI―GEODESICS NEAR GEODESICS. Let W be a

compact manffoFどοr orbffoFどoFsttctry negatfve cuttature,PossibFy tth convex bound叩.

There Fs a」2五 SuCh that any点 減te F―quasf―geoどesfc γ Fn五イFres h the五 _ndghborhooど

oF the geodesic g Jofコ血g fts endPoints. r the domadn oF γ fs inttLfte Fn efther or both
どfrectFons,there fs a uI■ique rfmting geOどeSc g in Aイ鴨なthin a bounどeどどistance oF γ anど
cn』ng at any fILite endPοint oF γ.

This is a widely useful fact,whidh was used,for instance,in 狂ヽOstoMメs rigidity theorem

and many other places.h/e will not go Over the proof herei see tThurStOnll for a pr。。f,
It is in striking contrast to the situatiOn in Euclide劉ュspaces For instance,in the plane,

a loganthmc spiral is a quasi_geodesici the distance fron■the geodesic betwcen points

along it is unbounded,Intuitively,in hyperbolic space,as you rnove away frorn a geodesic,

distances increase exponentially. If you wander very far away frOm a geodesic and then

come back,then you are forced to retrace your route closely enough that some segment of

your path has a very low ettciency.
An orbifold is a generalizatiOn Of a manifold. It contittns the appropriate structure to

describe the quOtient space of the action of a discrete group action where some elements of

anite order may have nxed pOints.This is really independent of the thrust of the discussion

here,30 We WOn't explaan further: if you are not already faHliliar with it,it is inessentialャ

Negatively curved with convex boundary have the property that fOr any two points in

the lnanifold,any homotopy class of arcs between then■contains a unique geodesic.

In 2 and 3 dimensions,most closed manifolds(or orbifOlds)haVe metrics of negative

curvature with convex boundary.

Hcre is a key cxistence theorerrl,which yicids many automatic structures:
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THEOREM ll.9.HYPERBOLIC AUTOMATIC(CANNON).r■ イゴS any cOmpaclコegativery
curycどmarlffoFどθr οrbFFoFど,pοssfbFy■石th convex boulaどary,anどfFg Fs anyset ofgenerators
for the fundamentar grouP of Aイ, むhen trlc set五。of shortest wOrどsin g「epresenting a

」Ven』ement of Tl(舟イ)iS a reg』ar set,and ftどefhes an automatic structure For Tュ(Aイ)・

Figure ll.lo. Pentagon word

切θ記3 rOr tれe grθ“Pザ rヴcCサ10,3
acceptor. コ7所3"砲lte staサca“せo所ぁaサθ,acccPt3 3んoTte3サ
or a r竹れt‐aれダctt PCれtagθ"れ 抗cれyPcrbO:すc Praれc,

(a,b,C,ど,Clαα,bb,CC,どど,cc,abab,bcbtt cどcムどC』C,cacの

rhC 3をart state 13せんCど0“bre cfrcre fれサれe mliどどre. jDacれarTθtt reaどどれすどれをθせれe3サαせC rabcre2

切litれ a31■ 9re retせ cr″  f3 an″ ‐a何
・
θ切 . ArrO切 3 rea】 すれg iato states rabcre芝 切 iitれ tttθ retters

are clサれer a arro切3 θr y arrθttJすyo■caれterr切れtcれby tれc cθれ芝tt,0,セれat an arTθtt rca芝抗呼
αttαy力切砲 α3せαte rabercど,ca砲角θせbc raberc芝″.

Rernark This is closely related

ing.

Version l.5
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PROOF: Lct 6:be the fundamental group of a negatively curved compact Orbifold with

convex boundattr,and let g be any set of generators. If lp and υ are any two shortest

words in g FepreSenting elements of C within distance l of each Other,then the paths they

dettle in「(C)are quasi―geodesics.Therefore there is some constantあ such that for any

such pttr,the word difFerencesもり「
Iυ

たhave minimum word length less thatr1 25。

To construct a flnite state automatan舟ダwhich will recogttze shortest geodesics,let the

set of states SM be the set of subsets Of the ball of radiusん,コと,in「 (C),tOgether with
af嵐l state. The state s ofゴレr upon reading切たis cither the f嵐l state,or it will be the sct

of all elementsり「
1りたOf C where tt and υ have remaindd within distanceあOf each other

up to the current tilneた.If theたぃ+lSt generator g of tt is in s,then the new state is the

fail state.Otherwise,the new state is g~13g∩JL.

This shows that the set of shortest words is a rettnar set.They form

hencびthey dennc an automatic structure.

a combing,by,

COROLLARY ll。 11. HYPERBOLIC AUTOMATIC TREE. TFle Funど amentaF group oF a co】m―

PaCt,negatfveFy curycど manffOFど or orbiforど胡th convex bound叩 ′aどmts an automatic

structure such that the set R oFaccepted wordsis Prettx―c】osed and represents eacFl crement

oF the group exactFy οnce.rn οther wθrどs,兄どまhes the set oFsmpre paths fコa sPanコ血g
tree rbr the graph θF the group.

PROOF: Lct tt be the set of shOrtest wOrds which is lexicographicanly icast a「Iong

representing the given elementt A slight rnodiflcatiOn of the lnachine desc五bed in

above wili select elements of R.

It is not hard,in generad,to nx up an automatic structure so that

or to nx up the structure so that it represents each element uniquely.

flnd a gencral procedure which will do both simultaneously,although

exmple of a group which admits an automatic structure but does nOt

prenx_closed and unique.

all words

the proof

Gromov has developed a lnore abstract notion of a`hyperbolic grOup'. There are many

equivalent characterizations,but one characterization is that a hyperbolic group is a group

satisfying the cOnclusion of Proposition ll.8,hyperbolic quasi―geodesics near geodesics.
Such groups are therefore automatic.

The proof of ll。 9 is constttictive,but an dgottth」m which literを出y f01lows the proof
would be extremely imprtttical. In the nrst pltte,it is not easy to get good constants

for proposition ll.8,hyperbolic quasi―geodesics nett geodesics. From it, one gets some
constant五 . In a hyperbolic group,the number of elements of ttrord length less thanあ

とenerally grows exponentially with工 ,so the size of βL may be quite large.(There are
trivitt exceptions,館om O and l dimendonsi forinstance,Zおa hyperbOhc group.)Finally,

the set SM has cardinality 21B工|,probably a rea工y reatty big numbゃr.

Nonetheless,reasonable―size machines exist for many hyperbolic groups, See, for in―

stance,ngllre ll.10,Pentagon word acceptOr,for a diagram of the″word acceptor fOr the

group generated by reflections in the sides of a right‐angled pentagon in the hyperbolic

plane.

it is prenx―ciosed,

What is hard is to

l do not know any

adIIllt one which is
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There is a strong connection between automatic structures on the fundamentan groups

of compact hyperbolic lnanifolds and Orbifolds and self―silnilar tilings of the plane. In fact,

the geometry of silnilarities of the Euclidean plane is closely linked to hyperbolic geometry:

if C is the group of similarities,then C/F iS hOmeomorphic to R3,where X is a maximal
compact subgroup,namely the group SO(2)of rotations about a point.C/1 can be giVen
a lnetric which is invanant by the action of G. lrhe best such metric lnakes it isometric

to i日【3. ThuS C is a subgroup of the group ofisolnetries of H3: the Subgrbup which nxes

the point at inanity in the Poinc抵もupper half space model. Geometri∝出y,if one pttnts

a Dattem On the bounding plane,and looks`down'at this plane while moving around in

H3,。 ne Sees the pattern shrinking as one goes higher,cxpanding as One goes iower――the

view transforms by silnilarities.

Related to this,if one haS a scheme for self‐similar tilings of the plane,one can mtte

three―dimεnsional hyperbolic blocks which encode the ruleso Choose a horosphereん1(in
the upper hanf―sPace model,a good choice is a hodzontal plane at height l.)Make a copy

of each tile type on this plane. Letれ2bや the horosphere which has hyperbolic distance

10g(十人|)outWard fromれ h where tt is the expansion constant.In the upper h述 ―space

model,this would be the ho拭zontal plane at height 1/人・For each tile,form a soLd block
by sweeping the tile down,each point on the tile fbllowing a geodesic Pcrpendicular to the

two horospheres,untilit meets the second horosphere.The outer face(Onれ 2)iS eXpanded

by a factor of十人|.On the lower horosphere,paint the pattern of the subdivision of the tile.
A scif‐silnilar tiling or`almost self―silnilar tiling'of the plane itt this way generates a tiling

of hyperbolic 3-space,which incorporates at once the tiling at all scales. The tiling of H3

has a natural spanning trec or forest,which connects each parent tile to its children through

their mutual horospherican faceso This trec is recognized by a nnite state automaton,just

as the tree of Proposition ll.11,hyperbolic automatic tree. In fact,in some cases,the the

two constructions give combinatOria■ y identical trees beyond a certttn point.

Silnilarly,the automatic structures on hyperbolic groups give tilings of the sphere at

ininity in hyperbolic spacei the sphere can be divided up into a flnite number of pieces

according to which depthた branch of the tree feed it, These tilings are not self―silnilar一一

indeed,the sphere has no silnilarities一 but they are eventually tser―Moebius'.

There are some further results on existence:

PROPOSITION ll.12. FINITE INDEX AUTOMATIC.A group 7hiCh Contadlls an automatic

group οffnfte Fndex Fs ftserfautomatfc. ノi subgrοup of fnite fコどex fn arl automatic group

Fs automatFc.

PROPOSITION ll.13.   PRODUCT AUTOMATIC. A proど uct ο r frec PrOど ucと oF a nrLite

nuttber ο F auむ omatFc groups fs auむ οmatFc.

THEOREM ll.14。  CENTRAL EXTENSIONS AUTOMATIC.rj百 ゴs a hyperbο rFc grο uP,A Fs

an abeFfan grouP,賞1ど

九 → C→ 「

therl C Fs hyperbθric.is a centrar extensfon,
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Here a hyperbolic group can be taken to be the fundamental group of a cOmpact,neg―

atively curved,orbifOld with cOnvex bOund明 ,,Or(poSSibly mOre generttly),a hyperbOlic

group in the sensc of Gromov.

COROLLARY ll.15. AuToMATIC NOT NON― POSITIVE.TFlere are cFoseど3-manfFoFds IPhich

cro n。↓ aど.IMむmetrFcs οF non―positive negatfve curvature whose Funどamentar groups are

automa↓ ic.

A n y  n b e r  b t t d l e ( O r  S e i f e r t  n b e r  s p a c e ) o v e r  a  c l o s e d  s u f a c e  h a s  a n  a u t o m a t i c  f u n d a m e n―

tal groupi lnost of these do not admt lnetrics of non‐positive curvature. The construction
is related to the fact that the metrics on their universan cOvers tre quasi― equivalent to

metrics Of non―positive curvature.
The condition that r be not only automatic but hyperbolic is essential on accOunt of

the following exmples:

THEOREM ll.16. NILPOTENT GROUPS NOT AUTOMATIC(HOLT).A nfFpο tent grouP is

automatFc fF anど onry fFft contadns an abeFfan subgroup予 ばtFl ttrLite fコずex.

THEOREM ll.17. BRAID CROUPS AUTOMATIC. rhe bradど groups have auto」 matic struc―

tures                                           、

THEOREM ll.18. SL(N,Z)NOT AUTOMATIC,TFle grOups S五 (れ,Z)角 re not auむ o」matic

For角 ≧ 3. Ih Facら the graphs oF↓ hese groupsど o not aど mt cOmbFngs.

CONJECTURE ll.19, NONPOSITIVE NONAUTOMATICP A cocompact group ο fFsomctEies oF

H2× H2w!ボ ch is not an armost proどuct Of suface grouPs is not automatic.

This cottecture,if verined,would show that the conditiOn for a grOup to be autOmatic
depends not just on the quasi―geometric of the group,but on cOmbinatOrial propertics as
well―一since the graph of any such grOup is quasi‐cquivalent tO the graph of the product

of two sttace groups,which is automatic.
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